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Chapter 4 The Kinematics of Rigid Body Motion

15. Show that the components of the angular velocity along the space set of axes are given
in terms of the Euler angles by
wx = 6 cos ¢ + ¥ sin O sin @,
wy = fsing — ¥ sinfcos ¢,
w; = Jrcosd + .
16. Show that the Euler parameter ¢g has the equation of motion
—2¢) = e)wy + 20y + e300y,

where the prime denotes the body set of axes. Find the corresponding equations for the
other three Euler parameters and for the complex Cayley—Klein parameters o and 8.

17. Verify directly that the matrix generators of infinitesimal rotation, M;, as given by
Eq. (4.79) obey the commutation relations

[M,‘, Mj] = el'jkMk-
18. (a) Find the vector equation describing the reflection of r in a plane whose unit nor-

mal is n.

(b) Show that if {;, i = 1,2, 3, are the direction cosines of n, then the matrix of
transformation has the elements

Ajj = §&; — 2415,
and verify that A is an improper orthogonal matrix.

19. Figures 4.9 and 4.10 show that the order of finite rotations leads to different results.
Use the notation that A(«, 1,) where A is a rotation in the direction of 1, through an
angle a. Let n; and n; be two orthogonal directions.

(a) If x is the position vector of a point on a rigid body, which is then rotated by an
angle @ arvund e vrigin, show thal the new value of x is

X =n-x)1; +[x—1,(1p «X)]cos8 — I, X X5inb.

From this, obtain the formula for A(x/2, 1,;) and derive the two rotations in the
figures.

(b) Discuss these two rotations. [Hint: The answer will involve a rotation by the zngle
27 in a direction (1/v/3)(1, 1, 1).]

20. Express the “rolling” constraint of a sphere on a plane surface in terms of the Euler
angles. Show that the conditions are nonintegrable and that the constraint is therefore
nonholonomic.

EXERCISES

21. A particle is thrown up vertically with initial speed vg, reaches a maximum height
and falls back to ground. Show that the Coriolis deflection when it again reaches the
ground is opposite in direction, and four times greater in magnitude, than the Conolis
deflection when it is dropped at rest from the same maximum height,



