
Exercises 

L' = L + dF(q1, ... , qn, t) 
dt 
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also satisfies Lagrange's equations where F is any arbitrary, but differentiable, func
tion of its arguments. 

9. The electromagnetic field is invariant under a gauge transformation of the scalar and 
vector potential given by 

A -+ A + Vl/t(r, t), 
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where 1/t is arbitrary (but differentiable). What effect does this gauge transformation 
have on the Lagrangian of a particle moving in the electromagnetic field? Is the motion 
affected? 

10. Let q 1 , ...• qn be a set of independent generalized coordinates for a system of n 
degrees of freedom, wi:h a Lagrangian L(q, q, t). Suppose we transform to another 
set of independent coordinate.<> SJ, ... , Sn by means of transformation equations 

i = 1, ... ,n. 

(Such a transformation is called a point transformation.) Show that if the Lagrangian 
function is expressed as a function of s j, s j, and t through the equations of transfor
mation, then L satisfies Lagrange's equations with respect to the s coordinates: 

In other words, the form of Lagrange's equations is invariant under a point transfor
mation. 

EXERCISES 

11. Consider a uniform thin disk that rolls without slipping on a horizontal plane. A hori
zontal force is applied to the center of the disk and in a direction parallel to the plane 
of the disk. 

(a) Derive Lagrange's equations and find the generalized force. 

(b) Discuss the motion if the force is not applied parallel to the plane of the disk. 

12. The escape velocity of a particle on Earth is the minimum velocity required at Earth's 
sur.ace in order that the particle can escape from Earth's gravitational field. Neglecting 
the re.<>istance of the atmosphere, the system is conservative. From the conservation 
Lht:urem fur putt:ulial plu& kinetic energy show that the escape velocity for Earth, 
ignoring the presence of the Moon, is 11.2 km/s. 

13. Rockets are propelled by the momentum reaction of the exhau~t gases expelled from 
the tail. Since these gases arise from the reaction of the fuels carried in the rocket, the 
ma~s of the rocket is not constant, but decreases as the fuel is expended. Show that the 
eqi.:ation of motion for a rocket projected vertically upward in a uniform gravitational 


