Rotational inertia (moment of inertia)

Define rotational inertia (moment of inertia) to be
[=Zmr2 or [= J'rzdm

r; : the perpendicular distance between m; and the given
rotation axis

P o

o 2 2
Moment of inertia [ =m X} +m,Xx;



Rotational inertia (moment of inertia)

Hoop rotating about a central axis
Define rotational inertia (moment of inertia) to be

2
[= f dm
r, : the perpendicular dist. between m, and the rotation axis

How 1s the mass distributed on the hoop? >>>> dm/M = rd0/2nr

or dm = p r d9, wherep = M/2nr

aw, S

[= Jr2dm = Jrzprde = J-r3pd6

r=a = — =
s T
[=r pjd@ 2nrp =21’ — M
2mr

Moment of 1nertia

= Mr?



Rotational 1nertia involves not only the mass but also the
distribution of mass for continuous masses

Calculating the rotational inertia 1= [r’dm

Hoop about Annular cylinder Solid cylinder

central axis (or ring) about (or disk) about
R, central axis / central axis
Ry P L
I= MR? (@) I1=%M(R? + R3) () I=LMR? (¢)
Axis Axis Axis |

Solid cylinder Thin rod about A— Solid sphere

(or disk) about axis through center about any

central diameter perpendicular to diameter

length 2R
| | I |
R \/ \/
I=+MR2 + 5 ML2 (d) I=15ML2 () = ZMR? ()
Axis Axis Axis
- Thin , Hoop about any Slab about
spherical shell A diameter perpendicular
about any ) axis through
2R diameter |  center
4
: b ~
- ¥ e—a \44/

1= %N[R2 (&) 1= %1\41{2 () 1= %_,1\/[((12 + 1)2) ()



Parallel-Axis theorem

(1) (2) (3) (4)

If we know the rotational 1nertia of a body about any axis
that passes through its center-of-mass, we can find its
rotational 1nertia about any other axis parallel to that axis
with the parallel axis theorem

[=1__ +Mh?

h: the perpendicular distance between the two axes



Slab about
perpendicular
axis through
center

(7)

I=5M(a* + b°)

X

Consider a standard blackboard eraser. Rotation along
which axis would it have the greatest moment of inertia I?

1) x I:éM(a2+b2)
2)y
3) Z Hint: Look for largest amount of

4) All have the same | mass away from the axis.



Newton’s Second Law for Rotation
Tnet ZZT;XFi — 16(
1=1

[: rotational inertia

oi: angular acceleration

=

Compare to the linear equation: F,, =) F



Sample Problem 10-8

This figure shows a uniform disk, with mass M = 2.5 kg
and radius R = 20 cm, mounted on a fixed horizontal axle.
A block with mass m = 1.2 kg hangs from a massless cord
that 1s wrapped around the rim of the disk.

Find the acceleration of the falling block, the angular
acceleration of the disk, and the tension in the cord.

Note: R=20cm=0.2 m




This figure shows a uniform disk, with mass M=2.5kg and radius R
= 20 cm, mounted on a fixed horizontal axle. A block with mass m =
1.2 kg hangs from a massless cord that is wrapped around the rim of
the disk. Find the acceleration of the falling block, the angular
acceleration of the disk, and the tension in the cord.

The key points are following:

For the block: T—-mg=ma (1)
For the pulley: T=1 o

—RT = (1/2)MR? « (2) ; v
acceleration a of the block 1s equal to a, at the rim of the
pulley a=a=oR (3)

Three equations and three unknowns: a, o, T, so a unique
solution exists.



Sample Problem 10-8. This figure shows a uniform disk, with mass
M=2.5kg and radius R = 20 cm, mounted on a fixed horizontal axle.
A block with mass m = 1.2 kg hangs from a massless cord that 1s
wrapped around the rim of the disk. Find the acceleration of the
falling block, the angular acceleration of the disk, and the tension in

the cord.

Equations 2&3: Substitute a /o for R
T=—(1/2)Ma,

Equation 3 and 1: Eqn 1:a=T/m -

Equations 1,3 and 2:
a=0oR=g—-MRo/2m

1+£ =—g = a=-
2m . (M+2m)g




Sample Problem 10-8. This figure shows a uniform disk, with mass
M=2.5kg and radius R = 20 cm, mounted on a fixed horizontal axle.
A block with mass m = 1.2 kg hangs from a massless cord that 1s
wrapped around the rim of the disk. Find the acceleration of the
falling block, the angular acceleration of the disk, and the tension in

the cord.

Then,
T=-1/2Ma = 6.0N /'
m a\ ’”’E
and, !

(a) ()

o = a/R = -24 rad/s?



Work and Rotational Kinetic Energy
Work-kinetic energy theorem: W =AK =K,—-K.

1

AK =% 1w? - %1 w? (if there is only rotation)

Of Xp —
Work done W=| 1d0 (compareto W = J F-dx)

0i

if T is constant, W =1(0,— 0,)

Power P=dW/dt
P=tdo/dt=1T

compare to P=F" v



Summary -- Translation - Rotation

translational motion Quantity Rotational motion
X Position 0
AX Displacement AO
v = dx/dt Velocity w=d0/dt
a=dv/dt Acceleration o,
m Mass Inertia |
F =ma Newton’s second law T— rA X FA
szij-di Work Wz_[jfr do
K= 1/z mv”>  Kinetic energy K =1 lo?

P=F.v Power (constant F or t) P=10



The Kinetic Energy of Rolling
View the rolling as pure rotation around P, the kinetic energy
K="%1, 0 r
parallel axis theorem: I =1, +MR?

so K=2»I_ w+%MR>w?

simnce v, = OR

Rotation axis at P

K=%I_,0*+%M(,,)

Y2 1., @ : due to the object’s rotation about its center of mass

' M(V,,,)* : due to the translational motion of its center of mass



Chapter 11: Rolling, Torque, and Angular
Momentum

For an object rolling smoothly, the motion of the
center of mass 1s pure translational.

s=0R
V.., = ds/dt =d(0 R)/dt = @R

R

() com

com




* Rolling viewed as a combination of pure rotation
and pure translation

(a) Pure rotation —+ (b) Pure translation — (¢) Rolling motion
;’_ ;’ - - - —
__com V= "Veom V= 2Vcom

>

— - —
V= "Veom V="Veom

— —
==y +1 0

) =
com com

* Rolling viewed as pure rotation
Vtop — ((D)(ZR) =2 Veom

* Different views, same conclusion

Rotation axis at P



Sample Problem: A uniform solid cylindrical
disk, of mass M = 1.4 kg and radius R = 8.5 cm,
rolls smoothly across a horizontal table at a
speed of 15 cm/s. What 1s its kinetic energy K?

trans +Kr0t — leczzm +lI(D2
2 2

V. = 0.15m/s

K=K

g =1/2MR2 = (0.5)(1.4kg)(0.085m)? = 5.058x107°kg m?
® = v/R=(0.15m/s)/0.085m = 1.765 rad/s

trans

K=K, +K_ = %(1 4)(0.15)° +%(5.058x10‘3 )(1.765)°

=15.75x107° +7.878x107° =23.63x107°J



Angular momentum

Angular momentum with respect to
point O for a particle of mass m and
linear momentum p 1s defined as:

Z (redrawn, with
> tail at origin)

—

(=TXp=m(TXV)

Compare to the linear case f) = mv

direction: right-hand rule ¢

magnitude:

{=rpsmmd=rmvsind

()



The angular momentum of a rigid body
rotating about a fixed axis

Consider a simple case, a mass m rotating '

Z
about a fixed axis z: XQ/}"

/ =rmvsin90°=rmro=mrro=10 "
\/
In general, the angular momentum of a rigid
body rotating about a fixed axis 1s

L=1w

L : angular momentum (group or body) along the rotation axis
¢ : angular momentum (particle) along the rotation axis
I : moment of 1nertia about the same axis




Sample Problem

Particles 1, 2, 3, 4, and 5 have the same mass and speed as shown 1n
the figure. Particles 1 & 2 move around O in opposite directions.
Particles 3, 4, and 5 move towards or away from O as shown.

< m——e- - ——tm — e
s 1 Mo 3
7 \
! /,"" 2T % 2r
\ \
I | @ I Of — — — — @ — -
\\ ' I;/ /I r 0
\ e — 7 S o> — — —
\ 2 P4 4

Which of the particles has the smallest magnitude angular momentum?

1 22 3)3 4)4 5)5 6) all have the same /



Sample Problem

Particles 1, 2, 3, 4, and 5 have the same mass and speed as shown 1n
the figure. Particles 1 & 2 move around O in opposite directions.
Particles 3, 4, and 5 move towards or away from O as shown.

(0)

[=rpsmn=rmvsind ®=0° for5. =>1=0

Which of the particles has the smallest magnitude angular momentum?

1 2)2 3)3 4) 4@ 6) all have the same /



Newton’s Second Law in Angular Form

f:Id:fozfxd(mV) _ d(T X mv) :9_5
dt dt d

Let ’z:,,,e, be the vector sum of all the torques acting on
the object.

—»

:L: _ dL total
net d t total

1,
Net external torque equals to the time rate
change of the system’s total angular momentum




Conservation of Angular Momentum

If the net external torque acting on a system 1s zero, the
angular momentum of the system 1s conserved.

If "= then L =constant

_ dL T
Thet :E 1~ Lf

For a rigid body rotating around a fixed axis, (L=1w)
the conservation of angular momentum can be written
as

Liw, = Lrwg




Some examples involving conservation
of angular momentum l |

The spinning volunteer

RSP EERIRY S RN SF R R AR S RN S RO S X
Rotation axis
Le=L. => Lw;=1Lw, z




Angular momentum is
conserved e | |

L. 1s in the spinning wheel J - J' ,
: B i 1
Now exert a torque to flip its rotation.
_ = +
Lt wheet = ~Ls. TT IT J.>T

Initial Final
(¢)

Conservation of Angular momentum means that the person must

now acquire an angular momentum.
Lf person — +2L

f, person



More examples

The springboard diver Spacecraft orientation

Flywheel \ \

(b)



Problem 11-66

Ring of R, (=R,/2) and R, (=0.8m),
Mass m, = 8.00kg.

w; = 8.00 rad/s. Cat m, =2kg. Find
kinetic energy change when cat walks
from outer radius to inner radius.




Problem 11-66

Ring of R, (=R,/2) and R, (=0.8m),
Mass m, = 8.00kg.

w; = 8.00 rad/s. Cat m, =2kg. Find
kinetic energy change when cat walks
from outer radius to inner radius.

Initial Momentum

L. = Li,cat +L =m,R,v. + 1o

1,ring

1
= mle(Di +5m2 (R12 + R%)(Di

1 R;
=m R0 | 1+- 2 L+1
2 m, | R}




Problem 11-66

Ring of R, (=R,/2) and R, (=0.8m),
Mass m, = 8.00kg.

w; = 8.00 rad/s. Cat m, =2kg. Find
kinetic energy change when cat walks
from outer radius to inner radius.

Final Momentum

Lf — Lf,cat + Lf,ring — mlRlvf + I(Df

1
= mlRlz(Df "'Emz (R12 + Rg)mf

1 R;
:mlRf(of[HEmz (R§ +1]
ml 1




Problem 11-66

Then from Ly = L; we obtain

+lﬂ R—‘2+1
o, R 2 ; :
r R22 m, \ R, : —(2.0)° 1+2(0 25+1)=1.273
@, R 1+1m2 1+R2 1+2(1+4)

Thus, @, =1.273w,. Using ay =8.00 rad/s, we have @ =10.2 rad/s. By substituting / =

1 1
L/w into K zala)z, we obtain K :ELa). Since L; = L; the kinetic energy ratio

becomes
1
—L.w
K f .
L=t ——=—L=1.273
2 1 l

which implies AK =K, —K,;=0.273K,. The cat does positive work while walking toward

the center of the ring, increasing the total kinetic energy of the system.



Problem 11-66

Ring of R, (=R,/2) and R, (=0.8m), \
Mass m, = 8.00kg.
w; = 8.00 rad/s. Cat m, =2kg. Find \

kinetic energy change when cat walks
from outer radius to inner radius.

Initial Kinetic energy K. is:

Ki :E m1R2 == Emz(Rl +R2) a)o =Em1R2a)O +§ ; —2+1
1 2

:%(2.00 kg)(0.800 m)*(8.00 rad/s)’[1+(1/2)(4)(0.5°+1)]

=143.36J,

the increase in kinetic energy is AK =(0.273)(143.36 J)=39.1 J.



Torque and Angular Momentum

—

T

~dl d(Txmv)
dt dt

net

_ dv
=TX| m—

=tx(ma)=7txF
7T (ma)=rt

Torque 1s the time rate of change of
angular momentum.

Circular path

taken by head

»
of Lvector

—

)

L
/

X



Precession

Torque 1s the time rate of
change of angular momentum.

Falling due to torque about the pivot point.
T =rFsinO = rmg sin0

Falling causes angular momentum
about the pivot point (along y-axis).



Precession

Torque 1s the time rate of
change of angular momentum.

Falling due to torque about the pivot point.

T =rFsinO = rmg sin0

Falling causes angular momentum
about the pivot point (along y-axis).

Now set the gyroscope 1n motion
L=Iw (along x-axis)
L 1s fixed by the spinning, so the torque
can only change the direction of L

,Mlg’ Supp()l'r
(a)

Circular pnlh
taken by head

»
of Lvector

— 0 >_V

L(1) -




Precession
Rate

Torque 1s the time rate of
change of angular momentum.

Falling due to torque about the pivot point.

Falling causes angular momentum
about the pivot point (along y-axis). ®

Circular path
d (l) — d_L — Mg I dt :fk;’l‘ t;z.’:cl:fad ;
L () b
L(1) = y
dq) Mg r (1¢_: L+
Q = — . %
dt [w

(Precession along z-axis) ©



Precession
Rate

Torque 1s the time rate of
change of angular momentum.

Nuclei1 have intrinsic angular momentum.

This effect 1s at the core of MRI,
which 1s tuned to pick up the intrinsic
angular momentum of the proton in

hydrogen.

(Precession along z-axis)

(@)

Circular path
take’u by head
of Lvector

—

L(1)

(b)

s

X



