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Abstract

We describe an analytical form of the Wulff plot construction procedure and derive a general expression for the
surface energy from the three-dimensional equilibrium crystal shape in generalized orthogonal curvilinear coordinates.
Particular expressions in Cartesian, spherical polar, and circular cylindrical coordinates are also presented. Corre-
sponding results for a two-dimensional (2D) island on a flat terrace provide relative orientation-dependent step energies
within a scale factor 7, the equilibrium chemical potential of the island per unit area. In order to determine A and, hence
obtain absolute step energies, we have developed an exact theoretical approach, applicable to both isotropic and an-
isotropic 2D island shapes, relating the temporal change in island free energy to thermal fluctuations about the

equilibrium shape.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The surface free energy per unit area y is a
fundamental parameter used to describe crystals.
The variation of y with surface orientation de-
termines the three-dimensional (3D) equilibrium
crystal shape (ECS). The two-dimensional (2D)
analog of y is the step formation energy per unit
length f. Just as yp(n), where i is a unit vector
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normal representing a surface orientation, deter-
mines the equilibrium shape of 3D crystals, f(¢),
where ¢ is the step orientation, determines the
equilibrium shape of 2D islands on a terrace. Given
the fundamental importance of y(f) and f(¢), it is
surprising how little information is available con-
cerning these parameters even for simple elemental
metal surfaces.

The well-known Wulff construction provides a
method to determine the 3D ECS from the “Wulff
plot”, a polar representation of y(n) [1]. Geomet-
rically, the procedure involves drawing planes
perpendicular to the normal unit vectors at every
point on the surface free energy y(n). The inner
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envelope of these planes then corresponds to the
ECS. Similarly, the “inverse” Wulff construction
determines y(n) from the ECS by drawing normal
vectors to the tangent planes along the crystal
boundary. The envelope of these vectors yields
relative values of y(n). Mathematically, the equi-
librium shape function is the Legendre transform
of y(n) and vice versa. Analytical expressions for
the Wulff construction have been derived generally
and in Cartesian coordinates [1-3]. For 2D islands,
Nozieres [3] derived an expression in polar coor-
dinates relating 5 to the equilibrium shape.

With the advent of surface imaging techniques,
such as low-energy electron microscopy (LEEM)
and scanning tunneling microscopy (STM), 2D
islands on flat terraces and facets on 3D ECSs can
be routinely observed as a function of tempera-
ture, thus providing experimental tools for deter-
mining the relative orientation dependence of f.
However, experimental determinations of absolute
p(n) and/or f(¢p) values are difficult.

Bombis et al. [4] used a combination of 3D ECS
and step energy measurements to extract absolute
values of 7. Absolute f values for fixed orienta-
tions have been determined from step stiffnesses f
obtained from step fluctuation measurements [5],
from 3D ECSs [6], and from the temperature-
dependence of 2D equilibrium island shapes [7,8].
Orientation-averaged f values have been extracted
from 2D island decay measurements [9-11] and
from near-isotropic island shape fluctuation mea-
surements [12]. Newer methods, based upon 2D
equilibrium shape and either island decay or tem-
poral island shape-fluctuation measurements for
determining absolute orientation-dependent step
energies and step stiffnesses, are implemented in
Refs. [13,14]. A novel asymmetric Wulff plot con-
struction to describe island shapes observed on the
Au(110) surface has also been reported recently
[15].

In this article, we present a detailed theoretical
formalism for extracting absolute f(¢) values
from an analysis of temporal fluctuations about
any arbitrary shape of 2D equilibrium islands at
one temperature. The results are organized as
follows. Analytical expressions relating surface
and step energies to 3D ECS and 2D single layer
adatom or vacancy equilibrium shapes, respec-

tively, are derived in a generalized orthogonal
curvilinear coordinate system in Section 2. Rela-
tions for f(¢) in terms of the 2D equilibrium
island shape are presented in Section 3. These re-
sults provide relative () values within an orien-
tation-independent scale factor 4, the equilibrium
island chemical potential per unit atomic area.
An exact expression relating the temporal change
in island free energy, a function of 4, to thermal
fluctuations about the equilibrium shape is derived
in Section 4. In contrast to earlier analyses [12,16],
our approach requires no assumptions regarding
island isotropy.

2. Wulff construction in generalized coordinates

Here we derive an analytical expression relating
the surface energy to the 3D ECS in generalized
orthogonal coordinates using a Legendre transfor-
mation procedure. We also derive the inverse
transform relations to determine the 3D equilib-
rium shape from the surface energy (). The
equations can easily be generalized to N-dimensions
by modifying the constant ¢ in Egs. (10a) and (10b).

Consider an infinitely large 3D crystal whose
surface is described by the equation

W(X17X2,X3):0 (1)

in generalized orthogonal coordinates xi, x,, and x;
such that the origin O of the coordinate system
coincides with the center of mass of the crystal. We
define W(xy,x2,x;) in terms of the equilibrium
shape function S as

W(X17X2,X3) = (ﬁ . é3) — S(Xl,XZ), (2)

where R is the position vector of point (x|, xy,x3)
with respect to O and e (i = 1, 2, and 3) are unit
vectors along the coordinate axes xj, x;, and xs,
respectively. The equilibrium shape function
S(x1,x,) specifies the precise form of the ECS. Fig.
1 is a geometric representation of the inverse Wulff
construction procedure for an arbitrary equilib-
rium shape W (x;,x,,x3) = 0. The local unit normal
n to the ECS is given by

(s1,52) = 2 (51252), 3)
|VW(S1 N Sz)‘
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Fig. 1. Geometrical representation of the inverse Wulff plot
construction: at each point R= (x1,x2,x3) on the equilibrium
crystal shape defined by W(x;,x;,x3) =0, a plane is drawn
tangential to the surface. The distance of the plane from the
origin O is proportional to y(n), where f is the unit normal
vector to the plane.

where the gradient V(sy,s,) to the surface can be
expressed as [17]
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The new coordinates s; (i = 1, 2) are the slopes of
the equilibrium shape function S(x;,x;) along the
coordinate directions. Note that i and VW are
functions of only two variables, though W is a
function of three variables. The scale factors #;
(j=1, 2, and 3) in Eq. (4) are related to the in-
finitesimal displacement vector dr expressed in
generalized coordinates as [17]

(for i =1 and 2). (5)

Si =

3
dF = (hdx)&;. (6)
=1

Thermodynamically, a 3D ECS is defined as the
surface with the minimum free energy for a fixed
volume [1-3]. Thus, we construct a free energy
functional F, accounting for the constant volume
with a Lagrange multiplier 4, as

F:A%ﬂmM—Aﬂdn (7)

where V7 is the volume enclosed by the surface,
dv = (ﬁ - €3)h hohs dx; dx, is an infinitesimal strip
of volume enclosed under an infinitesimal area dA
of the surface and the x; — x, coordinate sheet. y is
a function of the local surface orientation n only
and A is the equilibrium chemical potential of the
crystal per unit volume. The area element d4 can
be expressed using Egs. (3) and (4), in terms of its
projection onto the x; — x, sheet as

hlhzdxl dXQ

d4 = ——
n-e;

= |V W|(hyhyhs dx; dx,). (8)

Substituting Eq. (8) into Eq. (7)_and applying
the minimization condition (8F/3(R - &;)) =0, we

obtain
_i__i(EJ
O(R-&) dxi \0s

—dxiz(a%)]wmwn. )
The solution to Eq. (9) is
sy =49, (102

where d is the distance from the origin to the plane
tangential to the surface at R and is given by the
relation

d=R (s, s)

_ 1 S(xl,xz)_Sl(ﬁ'él)_sz(ﬁ'éZ)
VW '

Iy h s
(10b)

For the 3D case considered here, the proportion-
ality constant ¢ in Egs. (10a) and (10b) is 2. (In
general, ¢ = (N — 1) for a surface in N-dimen-
sional space.) Thus, Egs. (10a) and (10b), the an-
alytical expression of Wulff’s theorem, can be used
together with Eq. (3) to determine facet energies
for any arbitrary ECS in any coordinate system.

Conversely, if the function y(n) is known, then
the ECS can be easily obtained. Partial differenti-
ation of Egs. (10a) and (10b) with respect to s; (for
i =1, 2) results in the relation
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1 o, . (11)

Upon rearranging terms in_Egs. (10a) and (10b),
we obtain the solution for R - é; = S(x,x;) as

ﬁ~éi:_<@)w

@V, 5(R-&) s &)

S(x1,x2) = I3 1 + n h2

(12)

Thus, we recover the shape function S(x;,x,) from
p(0). We note that Eq. (12) alone is not sufficient
to describe completely the inverse Wulff con-
struction. Only together with Eq. (11) is it possible
to perform the inverse Legendre transform in Eq.
(12). Thus, Eq. (11) is the inversion analog to Eq.
(3). An example of the inverse transformation of
Egs. (11) and (12) will be explicitly performed in
the 2D case; see Eqgs. (19a) and (19b).

Egs. (10a), (10b) and (12) represent analytical
expressions of the Wulff theorem in generalized
orthogonal coordinates. Equilibrium shapes for
most crystalline materials can be conveniently de-
scribed in Cartesian, spherical polar, or cylindrical
coordinates. Therefore, we now derive surface
energy relations for these three cases.

In Cartesian coordinates, x; =x, x =y, x3 =
z(x,y) and & = i, 6, = i, ¢; = k; and the scale fac-
tors A;, defined in Eq. (6), are all equal to unity.
Thus, Egs. (10a), (10b) and (3) become

A E=x(E) - @)
y(n) = (2> 1+ (%)2 + (g_;)z]l/z (13a)
and
o k_l(@—%)—s(gz;)w .
[+ (%) + @17
respectively.

In cylindrical coordinates, we choose x; = R,
x; =0, and x; =z(R,0) to represent the radial,
azimuthal, and height coordinates, respectively.
This yields #y = 1, h, = R, and h; = 1.

Substituting into Egs. (10a) and (10b), we ob-
tain an expression for y(n) in terms of the equi-
librium shape z(R, 0) as

oR R \30
with
g_R(&)_0(2&
P z R(; R(802)1/2’ (14b)
1+ (%) +#(5)]
where
A cos 0 . —sinf 0
R=|sinf|, 6= cosf |, and z= |0
0 0 1

are the unit vectors expressed in Cartesian coor-
dinates.

In spherical coordinates, we choose x; =0,
x; = ¢, and x3 = R(0, ) as the polar, azimuthal,
and radial coordinates, respectively, with 4, = R,
h, = Rsin 0, and h; = 1. After substitution into
Egs. (10a) and (10b), we obtain

1 )R 1
1 +[§(@) +stin20 (%

7(0) = (3) { ] aR>T/z

(15a)
with
“ R,%(@;) Rs(fné) g%;
n= 21/27 (15b)
1 (3R)2 1 o
1+1§(@) +R7sm2() ﬁ :|
where
sin 0 cos ¢ | —sing
R= |sinfsing |, ¢=| cosp |, and
cosl | 0
cos 0 cos ¢ |
0= cos fsin ¢
—sin 6

are the unit vectors.
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3. 2D Wulff construction in polar coordinates

The above results for the 3D ECS can easily be
reduced to describe 2D equilibrium shapes by ig-
noring all terms in the coordinate x, and replacing
the 3D functions y and A with their 2D analogs
p (the step energy per unit length) and A (the
chemical potential per unit surface area). In the
following discussion, a symbol with a dot over it
signifies its derivative with respect to 6. In polar
coordinates, we obtain

pay =i (162)
]
and
)]
for which

R |:0980:| and &= [sm@}

sin 0 cos 0
are the unit vectors. The step orientation is given
by ¢, defined as the angle between the local normal
to the equilibrium shape at R and the x-axis. Thus,

substituting for the unit vectors R and 0 in Eq.
(16b) yields the relation

(ﬁ'i>
¢ = arctan | —
n-i

= 0 — arctan[R(0)/R(0)] (17a)

and
R*(0)
R*(0) + (R(0))*

We observe that Eq. (17b), with A set to unity, is
equivalent to the relation f(¢) = Rcos(¢p — 0) de-
rived by Noziéres [3].

It is important to note that the equation
B1/B> = Ri/R,, often referred to as the “Wulff re-
lation™, is not valid for any arbitrary facet/step
orientations 1 and 2. The relationship is only valid
at the orientations corresponding to maxima or

Blo) = 4 (17b)

minima in B, i.e. R =0, as can be seen from Egs.
(17a) and (17b).

We illustrate the applicability of Egs. (17a) and
(17b) to 2D island shapes that are commonly ob-
served on solid surfaces. Figs. 2a—d are polar plots
R(0) of square, rectangular, hexagonal, and trian-
gular islands obtained using simple functions of the
form R(0) = 15+ sin(40), R(0) = 15+ 3cos(20),
R(0) = 30 +sin(60), and R(0) = 10 + sin(30), re-
spectively. From R(0), relative values of ff(¢) can
be derived using Egs. (17a) and (17b). The grey
curves shown in Fig. 2 are plots of calculated f(¢)
data obtained with 4 = 1.

From Egs. (17a) and (17b), it can be shown that
the step-edge stiffness, (@) = B(¢) + " (@), where
each prime denotes a derivative with respect to ¢,
is related to the equilibrium island shape R(6)
through the expression

Blo) = % (18a)

for which the curvature k() of the equilibrium
shape is defined as

Fig. 2. Wulff plots, f vs. ¢, for commonly observed 2D island
shapes R(0) on surfaces of cubic materials: (a) fourfold, (b)
twofold, (c) sixfold, and (d) threefold symmetric island shapes.
The black curves represent the equilibrium island shape func-
tions R(6), while the grey curves correspond to f(¢) obtained
analytically using Egs. (17a) and (17b) with A set to unity.
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(R* 4+ 2R*> — RR)

k(0) = TR (18b)
A microscopic approach such as the Ising model
can be used to calculate () directly, from which
one can predict island equilibrium shapes R(0).
This is achieved using Eq. (11) to obtain the rela-
tion f'(¢)/B(¢) = R(0)/R(0) which, together with

Egs. (17a) and (17b), yields the inverse transforms:

7O = (5 )P0+ B o) (19)
and
0 = ¢ + arctan (%) (19b)

Thus far, we have shown that relative ff(¢) values
can be derived analytically from R(0), and con-
versely, R(0) can be obtained from f(¢p). Some of
these results have been derived earlier using dif-
ferent approaches [2,3]. The present approach
however presents results in generalized coordinates
that may be adapted to suit the symmetry of the
shapes experimentally encountered, as demon-
strated for the cases with Cartesian, spherical, and
cylindrical symmetry. However, it is still necessary
to determine A in order to obtain absolute step
energies. In the following section, we derive the
theory of anisotropic shape fluctuations in order
to determine absolute f(¢) values from mea-
surements of temporal fluctuations about 2D equi-
librium shapes of both isotropic and highly
anisotropic islands.

4. Anisotropic 2D island shape fluctuation analysis

Time-dependent thermal fluctuations about the
equilibrium island shape are due to changes in
the total step free energy of the island. Khare
and Einstein [16] derived a formalism relating
shape fluctuations to the step energy for isotropic
(circular) islands. This approach was extended
and used to determine average step energies on
Cu(l11), Ag(111), and Cu(001) [12]. The meth-
odology is restricted however, to the case of iso-
tropic, or near-isotropic, island shapes [12,16].

Many solid surfaces, such as Pb(111) [4,8],
Si(001) [5], TIN(©O1) [13], and TiN(111) [14],
exhibit equilibrium shapes which are highly an-
isotropic. Here, we proceed by developing a gen-
eral theory applicable to both anisotropic and
isotropic islands. Our approach combines the an-
alytical Wulff construction, described in the pre-
vious section, with temporal fluctuations about
equilibrium island shapes to determine A and,
hence, absolute orientation-dependent step ener-
gies. The symbols R and r in the following dis-
cussion refer to the equilibrium island shape R(6)
and the time-dependent fluctuating shape r(0,1).
Fig. 3 is a schematic diagram illustrating R and r
for an anisotropic hexagonal-shaped island, as
observed on TiN(111) [14].

The total free energy F(¢) of an island is related
to the island shape r through the relationship

2n
F = [ 40(Blo0.0)(7 + 7)), (20)
0
@(0,t) in Eq. (20) is the angle between the local
normal to the fluctuating shape at »(0, ¢) and the x-
axis as shown in Fig. 3. This is in contrast to Eq.
(17a), where ¢(8) corresponds to the local normal
to the equilibrium shape at R(0). Thus, f(¢) in Eq.
(20) is also a function of r and ¢. Since the equi-
librium shape corresponds to the minimum free
energy Fp, temporal deviations g(0,¢) from the
equilibrium shape result in a change in free energy
AF(t) = F(t) — Fy, where we have defined g=
g(6,¢) (as in Refs. [12,16]) to be the normalized

Fig. 3. Schematic diagram of the 2D equilibrium shape R(6) of
an anisotropic island together with the time-dependent shape
(0, ¢). The center of mass of the island is at O. The inset on the
right shows the step orientations ¢(6) and ¢(60,¢), as the angles
made by the normals to the curves R(0) and r(0,¢) with the
horizontal line respectively. 6 = 0 is along the horizontal line.
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deviation of the temporal shape » from the equi-
librium shape R. Thus,

g=|r—R]/R. (21)

In order to derive an expression for A in terms of
the measurable quantity g, we construct a function

f=1(0,r7) as
1O,r,5) = Blo(0.0)(7 +#)"* = a(7/2)  (22)

such that F(¢) = 02“ do[f(0,r,#)]. The second term
in Eq. (22) accounts for the constant area con-
straint with the Lagrange multiplier 1. Expanding
f to second order in r and # by Taylor’s theorem
and neglecting higher order terms, we obtain

f‘(97r7’.ﬁ) :fO(F)?r?i’) +f1(97r7’.l) +f2(97 }/'7’.')’

(23)
where the superscripts to the function f denote
the order of differentiation. I.For the equilibrium
island shape (r = R, and ## = R), ¢ and f are given
by Egs. (17a) and (17b). Thus, from Eq. (22),
f2(0,r,i) = (AR?)/2. We note that f1(0,r,7) =0 is
the stability condition for equilibrium. Upon
simplification, ? with f and f§ expressed in terms of

' We define:

SHO0,r i) = (r—R) {Z—ﬂ +(F—R) {Zl,;}

Jeon]

+2(rfR)(ifR){§jé;}

where all the partial derivatives in rectangular brackets are
evaluated at » = R and # = R.

2 We obtain:

of Ble(0,0)]r r op

o At AT 7230 |
r (2 +#2) (2 +#2) ]

5 {ﬂ*(%} A
Al
o2 r2+r2

Ef_ [ B \ & _ —Bloyi
0i2 (r? +r2)3/2 ’ arar (r2+r2)3/2

and

P(0.1.9 —%{(r—mz E

R and / according to Egs. (17a)-(18b), Eq. (23)
reduces to

IR R
0.ri) =" 14— *& 2l
S(0.r7) == { TR 2k — RE) g}
(24)

Thus, the fluctuating component of the free energy
functional AF(¢) is given by
2n

A do(P(0)g* - X (0)) (25a)

AF(t) = -1

with functions P(0) and X (0) defined as

P(0) = R; (25b)
and
X(0) = R (25¢)

2(R? + 2R2 — RR)

Representing the functions g(0), P(0), and X(0),
as Fourier series g(0) =Y, g.()e", P(0) =
>, Pe and X(0) =Y, X, e, respectively, Eq.
(25a) can be written in terms of the Fourier com-
ponents g,(t), X,, and P, as

AF(t) = =210 ) [Py + ()X )@ (1) (0).

m,n

(26)

We note that P_,_,, and X_,_,, in Eq. (26) are in-
dependent of time; temporal changes in the total
free energy are only due to g,(¢) and g, (¢). From
the definition of g in Eq. (21), (g(6,¢)) = go(¢) = 0.
Thus, for fluctuation modes with either m = 0 or
n = 0, the summations in Eq. (26) are equal to zero.
Furthermore, under complex conjugation (denoted
by superscript *), g*(¢) =g_,(t), PF=P_,, and
X = X_, guarantee that the functions g, P, and X
are all real. Since AF(¢) is a homogeneous second-
order function in {g,(t)} (i.e., AF({¢g,}) = & x
AF({g.}), where {g,} denotes g,(¢) at all allowed
values of n and ¢ is any arbitrary scaling parame-
ter), Euler’s theorem [18] requires

Sl S| =28k, 27)
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According to the generalized equipartition theo-
rem [18], a Hamiltonian H({x,}) which is a ho-
mogeneous function of {x,} satisfies the condition

OH
— ) = ks T 28
<Xn axm > mnB4 ( )

where x, represents either canonical momenta p,
or coordinates ¢, and 0,,, is the Kronecker delta
function. Ignoring the entropic contribution to the
free energy yields AF =~ AU, where AU is the in-
ternal energy of the fluctuating island. Identifying
AF with H and combining Eqgs. (27) and (28), we
find that the time-averaged free energy is given by

<AF> = (NmakaT)/2> (29)

where N, corresponds to the maximum number
of allowable fluctuation modes > for a finite-sized
island. Eliminating (AF) from Egs. (26) and (29),
we derive an expression for 4 in terms of the ex-
perimentally-measurable parameters R and g as

_]Vmaka T

4= An(S o [P + (mn) X ] (0)ga (1))

(30)

Eq. (30), together with Egs. (17a)-(18b), can be
used to determine absolute values of B(¢) and
B(@). These relations are exact and applicable to
both isotropic and anisotropic island shapes. For
an isotropic (circular) equilibrium shape, R(0) =
R, a constant. Thus, P(0) = X (0) = R*/2 and P, =
X, = (R*/4m)d, . Since the only non-zero terms
that contribute to Eq. (30) are those satisfying the
condition m = —n, we obtain

NmakaT
(R X, (2 = 1)al)
similar to earlier results * for isotropic islands

[12,16], which were used to relate the fluctuation
modes g, to orientation-averaged step energies.

)= (31)

3 If the shortest fluctuation mode corresponds to two surface
atoms as in Ref. [12], Np,x is defined as one half of the total
number of atoms along the island periphery.

4 The term (»* — 1) in Eq. (31) appears as (n%) in Ref. [16]
since they ignored the term arising from the constant area
constraint in their analysis.

5. Conclusions

We have derived general expressions in or-
thogonal curvilinear (with specific solutions in
Cartesian, spherical polar, and circular cylindrical)
coordinates for surface and step energies from the
equilibrium 3D crystal and 2D island shapes, re-
spectively. For 2D islands, explicit relations for the
relative orientation-dependent step energies in
terms of the equilibrium shape are presented. In
order to determine the absolute step energies and
step stiffnesses, we have developed a general for-
malism, exact to second order, for the analysis of
shape fluctuations applicable to both isotropic and
highly anisotropic islands. Our analysis for 2D
islands has been used to extract the absolute ori-
entation-dependent step energies for highly an-
isotropic islands on TiN(111) [14].
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