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Self-consistent rate-equation approach to transitions in critical island size in metal„100…
and metal „111… homoepitaxy

Mihail N. Popescu, Jacques G. Amar,* and Fereydoon Family
Department of Physics, Emory University, Atlanta, Georgia 30322

~Received 25 September 1997!

A self-consistent rate-equation approach to the study of transitions in the critical island sizei in submono-
layer growth fromi 51 to i 52 and fromi 51 to i 53, corresponding to homoepitaxial growth on metal~111!
and ~100! surfaces, is presented. In contrast to previous standard rate-equation results, the average island
density and monomer density are well predicted along with the transition temperature fromi 51 to a higher
critical island size. It is shown that the method’s implicit short-range correlations between attachment/
detachment rates, together with a careful estimate of the escape rates for small clusters, are important factors
for a good agreement with the kinetic Monte Carlo simulation results.@S0163-1829~98!00227-6#
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I. INTRODUCTION

The development of new experimental techniques, suc
scanning tunneling microscopy~STM!, and reflection high-
energy electron diffraction~RHEED!, has made possible th
real-time probing of microscopic details of the surface d
ing the early stages of thin-film growth.1 These develop-
ments have renewed both the experimental2–12 and
theoretical13–22 interest in the scaling properties of the isla
density and island-size distribution in submonolayer epit
ial growth. One motivation is that the dependence of
submonolayer island densityN on deposition rate and tem
perature at fixed coverageu in the precoalescence regim
may be used to identify important activation energies
microscopic processes on the surface.

One concept that has been extensively used in such s
ies is that of a critical island sizei ~Ref. 13! corresponding to
one less than the number of atoms in the smallest st
island. According to the standard rate-equation~RE!
analysis13 for a given critical island sizei , the island density
N ~at fixed coverageu! scales as

N;~Dh /F !2x ieEi /~ i 12!kBT, ~1!

whereF is the deposition rate,Dh5n0e2Ea /kBT is the hop-
ping rate~wheren0 is the attempt frequency andEa is the
activation energy for adatom diffusion!, Ei is the critical
cluster binding energy, andx i5 i /( i 12). With increasing
temperature, a transition from a critical island sizei 51 at
low temperature to a higher critical island size at high te
perature is expected to occur. In particular, such transiti
have been observed in metal~111! and metal~100! homoepi-
taxy for a variety of systems.6,8,9,12For example, a transition
from i 51 at room temperature toi 53 at higher temperature
was reported for Fe/Fe~100! deposition.8 Recently, a transi-
tion from i 51 to i 52 with increasing temperature has al
been reported in Rh/Rh~111! deposition.12

One of the standard tools used in studying submonola
growth is the rate-equation approach.23 Rate equations with
constant or power-law size-dependent capture numbers
been successfully used to predict the qualitative behavio
PRB 580163-1829/98/58~3!/1613~7!/$15.00
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the dependence of island and monomer density on the d
sition flux and on coverage.13–15 However, it has been
shown14,15 that this standard approach cannot givequantita-
tive agreement with the experimental data or kinetic Mon
Carlo ~KMC! simulations.

Recently, Bales and Chrzan carried out a self-consis
calculation of the rate coefficients for the case of irreversi
low-temperature growth20 ~corresponding toi 51! that gives
quantitative agreement with KMC simulations. In additio
Bales and Zangwill21 have recently suggested a generaliz
tion of the self-consistent rate-equation calculation for
case of reversible growth corresponding to growth at hig
temperature. Using this approach, good agreement was fo
with Monte Carlo simulations for a model with no critica
island size and a detachment rate that decreased very sl
with the island size.

In the present work we consider a RE approach to s
monolayer growth for a restricted pair-bond model16,22that is
relevant to low- and intermediate-temperature metal~100!
and~111! homoepitaxy. Our model is very different from th
one studied in Ref. 21 since in our model only small islan
are unstable, while in the model studied in Ref. 21 all islan
are unstable and there is no critical island size. We note
in previous work22 we have shown that for this model th
standard RE approach17 leads to poor agreement with KMC
simulations, as well as to a prediction for the crossover s
ing function, which significantlyunderestimatesthe transi-
tion temperature. It was suggested22 that this is due to the
lack of a self-consistent treatment of attachment/detachm
in that approach. Here we focus on a rate-equation appro
in which a self-consistent calculation of the attachment a
escape rates is used. We also compare our results with
KMC simulations. As discussed in more detail below, o
results indicate that such an approach leads to good ag
ment with KMC simulation results for the average monom
density, island density, and crossover scaling behavior.

The organization of this paper is as follows. After a bri
discussion of the model and of the crossover scaling form
the island density for the case of reversible growth,
present the details of our self-consistent rate-equation
1613 © 1998 The American Physical Society
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1614 PRB 58POPESCU, AMAR, AND FAMILY
proach. We then present a comparison between our r
equation predictions and KMC simulations. A summary
our results and conclusions are presented in Sec. V.

II. RESTRICTED PAIR-BOND MODEL
AND SCALING OF THE ISLAND DENSITY

The restricted pair-bond model considered here has b
previously studied via KMC simulations16,19,22and standard
RE analysis17–22 and is described by the following rules:~a!
Adatoms without a nearest-neighbor bond~monomers! may
randomly diffuse~hop! to a nearest-neighbor site with hop
ping rateDh . ~b! Adatoms with one nearest-neighbor bo
may diffuse to a nearest-neighbor site with detachment
D15r 1Dh , where r 15e2EN /kBT and EN is the nearest-
neighbor bond energy.~c! Enhanced edge diffusion is in
cluded such that adatoms with just one nearest neigh
bond may diffuse along edges and around kinks with a
De5r eDh . ~d! Atoms with two or more nearest-neighbo
bonds are assumed to be immobile.

As already noted, this model is appropriate for homoe
taxial growth on~100! and ~111! metal surfaces at tempera
tures for which two-bond detachment may be neglected.14 At
low temperatures~corresponding to stable dimers! the criti-
cal island sizei is equal to 1. However, with increasin
temperature dimers become unstable, leading to an incre
critical island size. In particular, at high temperatures o
triangular lattice@corresponding to a~111! metal surface#
trimers will be stable, corresponding toi 52. Similarly, at
high temperatures on a square lattice@corresponding to a
~100! metal surface# tetramers will be stable, correspondin
to i 53.

Of particular interest is the crossover behavior as a fu
tion of temperature fromi 51 to a higher critical island size
i 52(3) on triangular~square! lattices. A general crossove
scaling form for a transition from a critical island sizei 51
to i 5k in the absence of two-bond detachment has alre
been proposed,16

N;R21/3f 1k~r 1
x1kR!, ~2!

where N is the island density at fixed coverageu, R
5Dh /F, and the crossover scaling functionf 1k satisfies

f 1k~u!; H const for u!1
u22~k21!/@3~k12!# for u@1. ~3!

For our model, the standard RE result~1! along with a con-
sideration of the binding energy of the critical island impli
x1k53/2 for k52,3.17,22 We note that recent KMC
simulations22 on a triangular lattice have shown good agre
ment with this result (x12.3/2), while on a square lattice
slightly lower effective value has been found (x13.1.33).

The crossover scaling form~2! also implies that the effec
tive scaling exponentx5d(ln N)/d(ln F) may be written in a
similar form,

x~r 1 ,R!5g1k~r 1
x1kR!, ~4!

where the crossover scaling functiong1k satisfies
te-
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g1k~u!5H 1/3 for u!1

k

k12
for u@1.

~5!

As already noted,22 the standard RE approach17 leads to poor
agreement for both the island-density crossover scaling fu
tion f 1k and the effective exponent crossover scaling fu
tion g1k and significantly underestimates the transition te
perature. Accordingly, in the present work we focus on
self-consistent approach. However, before discussing this
proach in detail, we first briefly describe our kinetic Mon
Carlo ~KMC! simulations of the restricted pair-bond mode

As in previous work15,16,19,22simulations were carried ou
using a simple solid-on-solid~SOS! model with square and
triangular lattices. In both cases, adatoms were depos
starting with an initially flat surface at a rateF per site while
deposited adatoms without a nearest-neighbor in-plane b
~monomers! were allowed to diffuse randomly to neares
neighbor sites with hopping rateDh . Adatoms with one or
more nearest-neighbor in-plane bonds were allowed to
fuse as described above. In particular, for the case of ra
edge-diffusion on a triangular lattice, adatoms with o
nearest-neighbor bond were allowed to diffuse ‘‘along
edge’’ ~i.e., to a nearest-neighbor site that retained a bo
with the original bond site! at a rateDe5Dh . For the case of
rapid edge diffusion on a square lattice, adatoms with o
nearest-neighbor bond were allowed to diffuse ‘‘along
edge’’ and around ‘‘corners’’ at a rateDe5Dh in order to
mimic rapid cluster relaxation. For both triangular an
square lattices the edge diffusion of dimer atoms was s
pressed in order to prevent dimer mobility.

In addition to adatoms that land directly on the surfa
adatoms may land on an existing island. In this case
deposited adatoms are assumed to diffuse in the same
ner as on the substrate, while monomers may diffuse ove
island edge to the layer below at the same rate as for ordin
diffusion.24 Thus, for example, an adatom that lands on a
other adatom will almost immediately ‘‘diffuse’’ to the laye
below and form a dimer.

In order to obtain good statistics for both the island de
sity N ~corresponding to the density of clusters of size 2
larger! and the monomer density^n1&, averages were carrie
out over 10–30 runs, using lattice sizes ranging fromL
5500 toL51000. In order to study transitions in the critic
island size as a function of temperature, the average is
and monomer densities were measured in the submonol
‘‘precoalescence’’ regime (0<u<0.3) using a wide range o
values for the one-bond detachment rater 1 (2.531026,r 1
,1023) and diffusion ratioR5Dh /F (105 , R, 1011).

III. SELF-CONSISTENT RATE-EQUATION APPROACH

The rate-equation approach13,23 involves a set of deter-
ministic coupled reaction-diffusion equations describing
time ~coverage! dependence of average quantities. The
variables are the average densities of monomers^n1& and of
islands of sizes>2, ^ns&, wheres is the number of atoms in
the island. A general form of these equations, taking i
account nucleation and aggregation of islands, direct
pingement of adatoms, and detachment of monomers f
unstable islands may be written as
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d^n1&
du

5122k1^n1&2(
s>2

ks^ns&22
R

4
s1^n1&

2

2
R

4
^n1&(

s>2
ss^ns&12F21 ^n2&

t2
1F21(

s>3

^ns&
ts

,

~6a!

d^ns&
du

5
R

4
^n1&~ss21^ns21&2ss^ns&!1ks21^ns21&

2ks^ns&2F21 ^ns&
ts

1F21 ^ns11&
ts11

, for s>2.

~6b!

In these equations, the terms withss correspond to the cap
ture of monomers by other monomers or by existing islan
while the terms withts

21 correspond to the detachment
monomers from islands of sizes. The terms withks ~where
ks5s since diffusion is much faster than deposition! corre-
spond to the deposition of adatoms directly on islands of s
s. The factors of 1/4 in the capture terms are included si
these terms are usually expressed in terms of the diffu
constantD rather than of the hopping rateDh ~D5Dh/4 for
both square and triangular lattices!.

Of crucial importance in the use of rate equations as a
to make quantitative predictions is an accurate calculatio
the capture numbersss and escape ratests

21. As has already
been mentioned, the restricted pair-bond model gives a r
istic description of a critical island size transition on me
~100! and~111! surfaces. In this model only the small islan
~dimers and trimers! are unstable; therefore a careful calc
lation of the attachment/detachment rates for these sma
lands is required.

Recently, Bales and Zangwill21 have outlined a mean
field procedure for the self-consistent calculation of the c
ture numbers and detachment rates. Essentially, this con
of solving a diffusion equation for the monomer dens
n1(r ) near an island of sizes of the form,

¹2n1~r !2j22@n1~r !2^n1&#50, ~7!

where the screening~absorption! length j corresponding to
the effect of all the other islands and monomers is given

j225~4/R!k112s1^n1&1(
s>2

ss^ns&. ~8!

Assuming radial symmetry and the boundary condit
that far from the island the monomer density takes the a
age valuê n1&, the solution of Eq.~7! is

n1~r !5^n1&2AK0~r /j!, ~9!

whereK0 is the zeroth-order modified Bessel function, a
the constantA is determined by the boundary condition
the edge of the island.

Of crucial importance is a correct boundary condition
the monomer densityn1(r ) at the island edger 5Rs ~where
Rs is the radius of a circular island of sizes and is typically
s,
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assumed to satisfy20 Rs5as1/df with df the fractal dimension
of the island anda close to 1!. Bales and Zangwill21 have
considered the following form connecting the macrosco
flux at the island boundary with the microscopic attachme
detachment rates:

2pRs~Dh/4!
]n1~Rs!

]r
5ms~Dh/4!n1~Rs1a!2Js , ~10!

where Js5 vs11^ns11&/^ns& is the detachment rate at th
edge of an island of sizes, a51 is the lattice constant,ms is
the number of paths connecting next-nearest-neighbor s
to nearest-neighbor sites on the perimeter, andvs11 is the
effective detachment rate from an island of sizes11. The
factor of 1/4 in the capture term is appropriate only for
square lattice geometry and in general should be replace
one over the total number of hopping directions. A Tay
expansion of the monomer density nearRs leads to the
boundary condition,

]n1~Rs!

]r
5bs@n1~Rs!2neq~Rs!#, ~11!

with neq(Rs)5 Js /(msDh/4) andbs
215(2pRs /ms)21.

Equations~9! and ~11! may be used to compute the m
croscopic form of the flux 2pRs(Dh/4)@]n1(Rs)/]r # at the
island edge. Equating this to the RE form,

~Dh/4!ss^n1&2
^ns11&

ts11^ns&
, ~12!

the following expressions for the capture numbers and
cape rates are obtained:21

ss5
2pRsK1~Rs /j!

bs
21K1~Rs /j!1jK0~Rs /j!

, ~13a!

t2
215

v2s1

2m1
; ts11

21 5
vs11ss

ms
, s>2, ~13b!

whereK0 ,K1 are modified Bessel functions.25 The extra fac-
tor of 2 ~which was not explicitly noted in Ref. 21! in the
expression fort2

21 is due to the fact that two monomers a
produced by the breakup of a dimer.26

We note that in the above discussion we have used
same form for the microscopic detachment rateJs as in Ref.
21. The alternative formJs5vs ~in which the outward flux
corresponds directly to the detachment rate from an islan
size s! may also be used and was found to give similar
sults. This leads to the same expression forss , but a modi-
fied one for the escape rates,

t2
215

v2s2

2m2
; ts

215
vsss

ms
, s>3. ~13c!

For the case of low-temperature irreversible growth (vs
50) the correct boundary condition in the absence of a b
rier to attachment isn1(Rs)50, which leads to the constrain
bs

2150. In the previous work of Bales and Zangwill,21 this
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1616 PRB 58POPESCU, AMAR, AND FAMILY
was accomplished by assuming thatms.2pRs for all s and
studying a model in which the islands were forced to
circular. In contrast, in our model this is a po
approximation—and leads to poor agreement with KM
simulations—since detachment is only allowed from sm
islands. On the other hand, a direct counting ofms for small
islands leads tobs

21,0, which is unphysical.
In order to solve these problems, we have carried out

following procedure. First, the attachment term correspo
ing to the first term on the right-hand side of Eq.~10! has
been replaced with a sum over all sites one hop away f
the perimeter sites. Carrying out a Taylor expansion,
leads to the following expression forbs

21 ,

bs
215F2pRs~M /4!2(

$ j %
x̄ j ms

j G Y ms , ~14!

where the sum runs over all sitesj that are within one hop o
an attachment site,ms

j is the number of paths connectin
such a site with a perimeter site, andms5( j ms

j . In the
above expression,M is the number of hopping direction
(M54 on a square lattice,M56 on a triangular lattice! and
x̄ j is the difference between the distancexj from the sitej to
the center of the island andRs . The constraintbs

2150 then
leads to the following expression for the ‘‘effective’’ radiu
Rs ,

Rs5

(
j

xjms
j

ms1pM /2
. ~15!

For example, on a square lattice, for a monomer there
four next-nearest-neighbor sites at a distance 2a, and four
next-nearest-neighbor sites at a distancea&. Equation~15!
then leads toR154a(11&) /(61p). A similar calculation
has been done for the small unstable islands on both tr
gular and square lattices. We note that the radius values
tained from Eq.~15! are not significantly different from the
previously mentioned valuesRs5s1/df . However, the use o
the correct value ofms in Eq. ~13b! is of crucial importance
for the correct estimate of the escape rates for the restri
pair-bond model and is theoretically consistent with Eq.~11!
only if the radius is redefined as in Eq.~15!. For larger is-
lands, for which both corrections inRs and detachment ar
negligible in our model, the usual expression20 Rs5s1/df was
used along with the continuum approximationms52pRs .

IV. RESULTS

A. Triangular lattice geometry

Figure 1 shows typical results for the average monom
density and total island density~corresponding to the densit
of clusters of size 2 or larger! as a function of coverage
obtained using our self-consistent RE approach for the
stricted pair-bond model on a triangular lattice correspond
to growth on a metal~100! surface. The results span a ran
of values of the crossover variableY5r 1

3/2R as well as of the
critical island size ranging fromi 51 to i 52. Also shown are
KMC simulation results with the same parameters for
e
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e

case of large edge diffusion. As can be seen, in contras
the standard rate-equation results,17,22 there is very good
agreement between the self-consistent rate-equation re
and the KMC simulations for both the island and the mon
mer densities. We note that in the rate equations we assu
that islands with sizes>3 are stable, which corresponds
the case of large edge diffusion~see Appendix!. The fractal
dimension used in the RE wasdf51.8, since it has been
previously shown19,27 that on a triangular lattice the island
remain fractal in the absence of two-bond detachment.

We have also calculated the effective exponentx
5d(ln N)/d(ln F) using our self-consistent rate-equation a
proach as a function of the crossover scaling variableY as
shown in Fig. 2. Also shown are previously published KM
results22 both with and without edge diffusion. For compar
son, we have also included the standard RE results, as
as RE results using capture cross sections appropriate fo
irreversible case,20 but without a self-consistent calculatio
of the escape rates. As can be seen, while there is very g
agreement between the self-consistent RE results and K
simulations, the other RE approaches significantly undere
mate the crossover temperature. The improved agreeme
the self-consistent RE approach shows clearly that the co
lation between attachment and detachment rates, as
pressed in Eq.~13b!, is the key factor in obtaining correc
results. We note that the values ofr 1 , R, andY, used in the
RE results shown in Fig. 2 correspond to typical values
metal ~111! deposition.12

While our self-consistent rate-equation results forx agree
well with the KMC simulation results, in the limit of largeY
(Y.105) they appear to slightly overshoot the classic
valuex51/2 corresponding toi 52. Similar behavior can be
observed in the RE results corresponding to a variable c
ture cross section without self-consistent detachment~dashed

FIG. 1. KMC ~solid lines! and RE~dotted lines! results for the
island density~a! and for the monomer density~b! as a function of
coverage on a triangular lattice for different values of the scal
variable Y. From top to bottom,r 152.1531025, R5106 (Y
.0.1); r 152.1531025, R5108 (Y.10); r 152.1531025, R
5109 (Y.100).
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line! although not for the standard RE results~dotted line!.
The most likely explanation for this is the existence of log
rithmic corrections which arise in the self-consistent ra
equation approach20 but which are effectively screened du
to correlations. For largeR5Dh /F these corrections ar
very small ~as can be seen from Fig. 2! and vanish in the
limit of infinite R. However, given the smallness of the ove
shoot it is also possible that slight numerical inaccurac
that arise in the integration of the self-consistent rate eq
tions for largeR may play a role.

B. Square lattice geometry

Figures 3 and 4 show similar results to those in Fig. 1
the case of reversible growth on a square lattice@correspond-
ing to growth on a metal~100! surface# both for the case
without edge diffusion~Fig. 3! as well as with rapid edge
diffusion ~Fig. 4!. The results span a range of values of t
crossover variableY5r 1

x13R ranging from smallY ~corre-
sponding toi 51! to largeY ~corresponding toi 53!. In this
case, the fractal dimension used wasdf52.0 since even
without edge diffusion the islands are compact due to deta
ment. As can be seen in Fig. 3, for the case of no e
diffusion there is excellent agreement between the s
consistent RE predictions and the KMC results. We note
the fluctuations observed in the KMC results are due to
very low monomer density that leads to poor statistics. A
shown~Fig. 4! are the results obtained for the case of ra
edge diffusion. In this case the island density is somew
overestimated by the RE, although the monomer densit
still well predicted.28

We note that for the RE results shown here we have
sumed that islands with four or more atoms are stable. T
is a good approximation for the case with rapid edge dif
sion since in this case any atom that attaches to an island

FIG. 2. Island-density scaling exponentx5d(ln N)/d(ln F) as a
function of the scaling variableY5r 1

3/2R on a triangular lattice.
Filled symbols correspond to KMC results withDe50 ~no edge-
diffusion!, open symbols correspond to KMC results withDe5Dh

~rapid edge diffusion!. The solid line corresponds to the sel
consistent RE prediction, the dashed line to the standard RE
variable capture numbers, and the dotted line to the standard
with constant capture numbers.
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FIG. 3. KMC ~solid lines! and RE~dotted lines! results for the
island density~a! and for the monomer density~b! as a function of
coverage for different values of the scaling variableY on a square
lattice for the case of no edge diffusion (De50). From top to
bottom, r 151024, R5106 (Y.4.6); r 151024, R5108 (Y
.460); r 151024, R5109 (Y.4600).

FIG. 4. KMC ~solid lines! and RE~dotted lines! results for the
island density~a! and for the monomer density~b! as a function of
coverage for different values of the scaling variableY on a square
lattice for the case of rapid edge diffusion (De5Dh). From top to
bottom, r 151025, R5107 (Y.2); r 151025, R5109 (Y.200);
r 151024, R5109 (Y.4600).
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immediately find a stable binding site. Therefore, it is rath
surprising that we find good agreement for both the c
without edge diffusion andwith edge diffusion. As previ-
ously noted in Ref. 29 this appears to be due to the fact
while monomers that attach to an island may detach in
case without edge diffusion, they are very likely to quick
reattach to the same island at a stable binding site and s
not lead to a significant modification of the rate equatio
We note that in our calculations we also considered the c
in which detachment from islands of sizes 5 and 7 was
lowed~see Appendix! since for these island sizes at least o
atom may detach. However, this led to results that were
significantly different from those already shown.

We have also used our self-consistent rate-equation
proach to calculate the exponentx as a function of the cross
over scaling variableY as shown in Fig. 5.30 The parameters
used were again chosen to be typical for metal~100!
deposition.17 In particular, we have included two RE curve
one corresponding to smallDh /F at low temperatures
(n0 /F5531011, Ea50.4 eV, EN50.2 eV, 200 K,T
,350 K! the other corresponding to a higher value ofDh /F
for the same value ofY (n0 /F51013, Ea50.45 eV, EN
50.6 eV, 380 K,T,700 K). As can be seen, for largeY
~corresponding to high temperatures! there is very little dif-
ference between the two RE curves. However, for the sm
Dh /F case the effective value ofx is lower for smallY ~low
temperature! than the expected value of 1/3 due to the fa
that the correspondingDh /F values are not in the asymptot
scaling range. Also shown are previously published KM
results forx ~Ref. 22! both with and without edge diffusion
As for the triangular lattice, there is now very good agre
ment between the self-consistent rate-equation results
KMC simulations, although again there appears to be
possibility of a very slight overshoot in the value ofx for
very largeY.

FIG. 5. Island-density scaling exponentx5d(ln N)/d(ln F) as a
function of the scaling variableY5r 1

1.33R on a square lattice. Filled
symbols correspond to KMC results withDe50 ~no edge diffu-
sion!, open symbols correspond to KMC results withDe5Dh ~rapid
edge diffusion!. The solid lines correspond to the self-consistent
predictions with higherDh /F for small Y ~upper curve! and lower
Dh /F for smallY ~lower curve!. The dashed line corresponds to th
standard RE results with variable capture numbers, while the do
line corresponds to RE results with constant capture numbers.
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For comparison, Fig. 5 also shows the standard RE res
with constant capture cross section, as well as RE res
using capture cross section appropriate for the irrevers
case but without a self-consistent calculation of the esc
rates. In contrast to our self-consistent RE results, these
sults show a very poor agreement with the simulatio
Therefore, we conclude again that the improved agreeme
due to the use of a self-consistent calculation of
attachment/detachment rates for small islands.

V. CONCLUSIONS

We have used a self-consistent rate-equation approac
study a model of submonolayer growth that is relevant
low- and intermediate-temperature metal~100! and~111! ho-
moepitaxy. We have also studied the crossover behavio
the island density as a function of temperature for this mod
Good agreement was found with KMC simulations for bo
the monomer and island densities as well as for the isla
density scaling exponentx for both triangular and squar
lattices. This is in contrast to previous approaches17 that gave
poor agreement for both the island and monomer dens
and greatly underestimated the transition temperature.

Of key importance in obtaining good agreement with t
KMC simulations was the use of a self-consistent calculat
of attachment and escape rates. Such a calculation impli
takes into account short-range correlations between att
ment and detachment processes. This leads to a ‘‘correcti
factorss /ms that multiplies the microscopic detachment ra
and gives the reduced effective escape ratets

21.21 We note
that such a factor is equivalent to the heuristic correct
factor already used in Ref. 22. In our case, the ‘‘correctio
factor was obtained by a careful counting of the total num
ms of microscopic paths for attachment to small cluste
Also important was a redefinition of the effective island r
dius Rs as expressed by Eq.~15! in order to satisfy the cor-
rect boundary condition in the limit of no detachment.

While our results indicate that the self-consistent ra
equation approach gives significantly improved results
average quantities, the predicted island-size distributi
ns(u) remain in poor agreement with simulation results16

This is similar to what has been previously observed for
case of irreversible attachment.20 As pointed out in Refs. 20
22, and 18, this appears to be due to the existence of co
lations that modify the size dependence of the capture n
bers ss although the average capture numbersav remains
unchanged. Such correlations have so far not been prop
taken into account using a rate-equation formulation,
though in Ref. 18 the size dependence of the capture c
sectionss was measured for a point-island model with irr
versible attachment and compared with the correspond
self-consistent rate-equation prediction. The neglect of s
correlations may also be the origin of the slight overshoo
the value ofx observed for largeY.

In summary, our self-consistent calculation has led to s
nificantly improved predictions for the average monom
density, island density, and crossover scaling behavior
model of metal~100! and ~111! homoepitaxy. This suggest
that a similar approach may be a useful tool in the study o
variety of other systems.
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APPENDIX

The following values for the microscopic detachme
ratesvs and number of attachment pathsms were used for
small clusters:~a! triangular lattice:v150, v25 3

5 (2r 1Dh),
and vs50, s>3;m1518. ~b! square lattice:v15v45v6
50, v25v352r 1Dh , v55v75r 1Dh , and vs50, s>8;
m1512, m2518, m4516, m6518. We note that these val
ues are appropriate for the case of rapid edge diffusion.
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