PHYSICAL REVIEW B 69, 033401 (2004

Asymptotic capture number and island size distributions for one-dimensional irreversible
submonolayer growth

J. G. Amat* and M. N. Popes@r'
1Department of Physics & Astronomy, University of Toledo, Toledo, Ohio 43606, USA
2Max-Planck-Institut fu Metallforschung, Heisenbergstrasse 3, D-70569 Stuttgart, Germany
SInstitut fir Theoretische und Angewandte Physik, Univétstuttgart, Pfaffenwaldring 57, D-70569 Stuttgart, Germany
(Received 23 June 2003; revised manuscript received 8 September 2003; published 6 Jangary 2004

Using a set of approximate evolution equati¢pdsG. Amaret al.,, Phys. Rev. Lett86, 3092(2001)] for the
average gap size between islands, we calculate analytically the asymptotic scaled capture-number distribution
(CND) for one-dimensional irreversible submonolayer growth of point islands. The predicted asymptotic CND
is in reasonably good agreement with kinetic Monte CaH®IC) results, and leads to mondivergent
asymptotic scaled island size distributid8D). We then show that a slight modification of our analytic form
leads to analytical expressions for the asymptotic CND and a resulting asymptotic ISD which are in excellent
agreement with KMC simulations. We also show that in the asymptotic limit the scaled average gap distribu-
tion is identical to the scaled CND and thus demonstrate that in this limit, the self-averaging property of the
capture zones holds exactly.
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Recently, considerable theoretical effort has been carriedccount in order to accurately predict the scaled island size
out towards a better understanding of the scaling propertieand capture number distributioh8 Our method involves nu-
of the island size distribution in submonolayer epitaxialmerical integration of the island-density RE’s E8), along
growth!=® For example, in the pre-coalescence regime thawith the analytical solution of a set of approximate evolution
island size distributiorNg(#) (where Ng is the number of equations for the average Voronoi area surrounding an island
islands of sizes at coveraged) satisfies the scaling forin of sizes, and is based on the following two assumptions: the
average capture area per freshly nucleated dimer is propor-
tional (before rescalingto the average area per island; the
1) combined effects of the preferred nucleation of dimers in
large capture zones and the preferred “breakup” of large
whereS is the average island size, and the scaling functiorcapture zones due to nucleation may be approximated by a
f(u) depends on the critical island size and on the islandiniform rescaling of the average capture zone of each
morphology island’*® Using this approach, we have obtained numerical
One of the standard tools used in these studies is the rateesults for the scaled capture number and island size distri-
equation(RE) approach which involves a set of deterministic butions which agree well with kinetic Monte Car{kMC)
coupled reaction-diffusion equations describing the coveragsimulations in both one and two dimensions over a wide
dependence ofi4(6) through a set of rate coefficients usu- range of experimentally relevant values &f/F (D/F
ally called capture numbet€! For the irreversible growth =10°-10).
of point islands, rate equations valid in the precoalescence Recently, it has been arguédhat because our method
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N(0)= | 5.

regime may be written in the form does not explicitly take into account spatial fluctuations in
dN the nucleation, it must lead to a diverging island size distri-
1_._ 2 bution (ISD) in the asymptotic limit corresponding to infinite
dp 1 2RoaNi Rlegz TsNs, (29 D/F. However, as shown by Bartelt and Evang) the

asymptotic limit the scaled ISD is related to the scaled CND

dNg as
d_ezRNl(US—lNS—l_O-SNS) for 322, (Zb)
u 2z—1-C'(x)
where the capture numbess (o) correspond to thaver- f(u)=F(0)ex f dx——— |, (3)
age capture rate of diffusing monomers by islands of size 0 C(x)—zx

(monomers and R=D/F is the ratio of the monomer diffu-
sion rate to the deposition rate. Accordingly, the central probwhereC(s/S)= o/, is the scaled CNDz is the dynami-
lem in using the RE approach is the determination of thecal exponent describing the dependence of the average island

average capture numbews(6¢) and the corresponding cap- size on coverageS~ 6?), and f(0) is determined by the
ture number distributiodCND). normalization condition

Recently, we have developed a self-consistent rate-
equation approach to irreversible submonolayer growth in
which correlations between the size of an island and the cor- fwduf(u)= 1. (4
respondingaverage capture zone are explicitly taken into 0
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As pointed out in Ref. 2, Eq(3) implies that if C(u) gap length of a freshly nucleated dimer and the average gap-
>zu then no divergence will occur. However, {€(u) length of all islandsY (6) = 1/N(6) is the average gap-length
crossezu at some valuel, then the ISD will be cut off ati,  at coveraged, andN(6)=2,-,Ng(0) is the average island
[i.e., f(u)=0 for u=ug if C'(u,)>2z—1 while a diver- density. The integral in Eq. 7 may be interpreted as corre-
gence in the ISD will occur iC'(u;)<2z—1. An example sponding to theaverage number of particles added to a
of a divergent asymptotic ISD is the usual mean-field theorydimer since it was formed at coveragg, neglecting any
with C(u)=1. Thus the question of whether or not our change in the capture zone due to nucleation and breakup. To
method leads to a divergence in the asymptotic limit is eninclude the effects of break-up and ensure length conserva-
tirely determined by the asymptotic scaled CND. tion, the gap lengths are rescaled by a rescaling faator

Here we rigorously address the question of the asymptotie= 1/5 __ ,N, y, so that the average gap length for an island of

behavior obtained using our method by analytically deriving.i, . c ic ni bvv.=av. while th PR
the asymptotic scaled CND along with the res,ultingslzeSIS given byys=ays while the capture number is given

asymptotic scaled ISD for the case of irreversible growth ofY 0s=0(¥s). o .
point islands in one dimension. We find that our method, _V\(e now consu_jer_ th_e asymptotlc_llm|t corresponding 1o
leads to an asymptotic scaled CND which is close to thainflnlte D/F. In this limit, and assuming that> 6, (where

_p-1/3 . - ]
obtained in simulations and as a result, in contrast to thgX R corlreshponds to thedcovgrage at which the |§Iand
claims in Ref. 13, to mondivergenasymptotic ISD. We also ensity equals the monomer densitiq. (5) may be rewrit-

demonstrate that the asymptotic scaled gap distribution i€ @s:
identical to the scaled CND. As a result the self-averaging ~ 5
property of the capture zones holds exactly. Finally, we show o(y:0)=yI€". ®)
that, by slightly modifying our original analytical form for This implies that in the asymptotic limit the scaled gap dis-
C(u), an analytical expression for the asymptotic scaledribution B(s/S)=y./Y is identical to the corresponding
CND and a resulting ISD which are in excellent agreementcaled capture number distributi@(s/S). This result also
with KMC simulations may be obtained. demonstrates the “self-averaging property” of the capture
We note that there are a number of physically interestingzones, i.e., in the asymptotic limit the average capture num-
cases, such as nucleation and growth at steps,systems  ber o is exactly equal to thivcal capture number evaluated
with high diffusion anisotrop$, which correspond to one- at the average capture zone for an island of size
dimensional submonolayer growth. In addition, the point- |n the asymptotic limit thaw> 6, one also hasIN,/dé
island approximation is appropriate in the asymptotic limit=1—RN,/£2=0, which implies thatRN,/&?=1. Using
for extended islands up to a finite coverage=0.1, see Ref. these results in Eq7) and assuming that 0y> 6, we ob-
9) as well as at higher coverage for islands which grow pertain
pendicular to the substrat@.g., quantum dofs Therefore
the results presented here apply generally to such systems. s—2=y (06— 0y). 9)
For clarity, we briefly review our methddand its appli-
cation to the case of irreversible growth of point islands in
one dimensiof:}*In this case, we have shown that oeal

capture-numbetr(y) for an island with gap size (corre-
sponding to the distance to the nearest islaad

Since in the asymptotic limi§>1, this may be rewritten as
u=s/S=(ys0/S)(1— 6,/6). (10)

In the asymptotic limit, one hag/S=N=1/Y. Using}s
=b/N(6,) and N(6,)~ 6}, N(8)~ 6™ (since 6,,6> 0,
(5) and z=3/4 for irreversible growth of Boint islands in one
dimension, one has eyle):(bY/ys)“. Thus, the
asymptotic gap distribution before rescaling will satisfy

~ 28 y
o(y;0)= ?tanl‘(z—gl

where the monomer capture lengthand the nucleation
length ¢, are defined as u=B(u)—b¥B(u)3, (11)
g2 2., Yl whereB(u)=Yy,/Y.
20N, =1/87, 163 522 osNs=1/¢ ©® Rescaling, we obtain for the asymptotic scaled gap distri-

. . . butionB(u)=a B(u) the equation
From the evolution equations for the gap-length distribution, (u) (u) g

the average “gap Iengtl’KIS (before rescalingcorresponding u=B(u)/a—b*[B(u)/a] 3, (12
to an llsland of sizes may be obtained as the solution of the where the rescaling factarand the proportionality factds
equation , )
must satisfy the requirement that
(4 _ o
s—2= L RNi(@)o(ys;p)de. (7) f B(u)f(u)du=1. (13)
y 0
The coveragé, is defined byy<=b Y( 6y) whereb is the It is easy to see that for any positive constaatand b,

proportionality factor(before rescalingbetween the average Eg. (12) has a unique positive solution for every positive
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while for a=z one hasB(u)>zu. Similarly, one may show [~~~ T T

that for a<2/3 the ISD predicted by Eq3) will diverge - ® KMCR=10"6=0.1
while for 2/3<a<z there will be a cut-off at, [i.e., f(u L  © KMCR=10%06=3.0
>u.)=0] corresponding to the value af at which B(u) L -Eq.12(b=1) o

crossegzu. We note that while the asymptotic CND and ISD
depend on the three constari{®), a, andb, the two sum
rules, Eqs(4) and(13), determine two of the constants if the _
third one is known. Therefore, we consider separately two =
particular choices for the free constant. 8
We first consider the cade=1, as was assumed in our 8
@
)

15 L ----- Eq. 12 (b = 0.87)
| ——FEq. 14

numerical calculations for finit®/F.”® This corresponds to
the mean-field assumption that the average gap size fo
freshly nucleated dimers is exactly equal to the average is:
land gap at that coverage. By solving E@2) and numeri- | ,
cally evaluating the integrals in Egé€3), (4), and (13), we - . . z (s/S)
find f(0)=0.33 anda=0.70. Sincea>2/3, we conclude - .
that, in contrast to the claims in Ref. 13, our method leads to r .
a nondivergeniSD in the asymptotic limit of infiniteD/F. 05 +—+—++t++a++F+++++F++++F+++t
The resulting asymptotic scaled CND agrees very well with 0.75 |- ° 7
our previous numerical RE resultfor D/F=10’, and as r ° &
shown in Fig. 1, it is also in relatively good agreement with - /s \
KMC results for higherD/F. However, in contrast to our L R \
previous numerical RE results for the I1SD for finig'F,® I P R
due to the extreme sensitivity of the ISD on the CND inthe ¢35 L .
asymptotic limit, the asymptotic ISD is shifted to the right (% | L \
o

from the simulation result and cuts off to zerowgt=1.85.
It is also interesting to consider the general chsel,
i.e., the capture area of a freshly nucleated dimer is propor-
tional to the average area per island with some unknownd2
proportionality constanb. In this case, we assume that the  0-25 - ' .
value of the rescaling constaais fixed to the valua=z by - \
the requirement thaB(u)=zu for large u.® We then search
for a value ofb (b=0.87) such that the sum rul@3) is
satisfied. As can be seen in Fig. 1, the resulting scaled gap i
distributionB(u) is now very close to the simulation results Y I T R )
for all u except for smalu (u<0.7) where it is now signifi- 0 0.5 1 1.5 2 2.5
cantly lower than for the cade= 1. Accordingly, the peak of s/S
the corresponding island-size distributidiffig. 1(b)] is
somewhat lower than the peak of the simulated distribution . T _
and the distribution itself is somewhat wider. E\g%)(b) island size distributiorfi(u), along with KMC resultgsym-
We now present an accurate analytical expression for the
asymptotic capture-number distribution which is based orrule (13). The corresponding results f@&(u) and f(u) are
our analytical result, Eq12), with b=1. We note that Eq. shown by the solid curves in Fig. 1. As can be seen, the
12 with b=1 and a=z implies thatB(0)=z and B(u) agreement between the calculated scaled distribut{ng
=zu for largeu, although the normalization integrél3) is  andf(u) and the simulations is now excellent.
just slightly larger than 1. This suggests that the correct We have tried several other values m{n=3,4,6,'"° as
CND should have a similar form to E¢12) with b=1 and  well as polynomials in powers ofB(u)] ! satisfying
a=z, but with additional higher-order powers [B(u)]~%,  B(0)=1, and similarly good agreement with simulations has
in order to satisfy the sum rulél3). As an example, we been found’ Thus, it would appear that almost any form

(5}
\J
Q

FIG. 1. Calculated asymptotic scalés) gap distributionB(u)

consider the expression similar to Eq.(12) with b=1 anda=z which satisfies the
A R R sum rule(13), leads to reasonably accurate results for the
u=B(u)—[b,/B(u)®lexd b, /B(u)"], (14)  asymptotic scaled ISD and CND. The good agreement ob-

. . tained suggests that simple refinements of our method may
where B(u)=B(u)/z, b,=e " in order to satisfyB(0)  be possible which will allow the derivation of excellent ap-
=1, andn is a free parameter for which we will choose proximations for the exact CND. However, a rigorous deri-
=5. We note thath; =0 corresponds to Eq12) with b vation of the functional form of the correction tefsnin Eq.
=1 anda=z. As before, for any value ob,, the corre- (12) remains an open question.
sponding ISDf(u) is determined by Egq3) and (4) while In conclusion, using our self-consistent rate-equation
the correct value db; (b;=0.993) is determined by the sum approach’;® we have derived analytical expressions for the
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asymptotic scaled capture-number, gap-, and island-size digested by the good agreement obtained in our numerical re-
tributions for the case of one-dimensional irreversible growthsults for finiteD/F in both one and two dimensioh® then

of point islands. In particular, we have shown that ourit may be possible in general to obtain accurate asymptotic
method leads to an asymptotic scaled CND which is close tpSD’s without having to know the exact distribution of areas
that obtained in simulations and as a result twadivergent  or the redistribution of areas due to nucleation events. This
asymptotic ISD. While this leads to an ISD which is in ex- represents a significant simplification of the calculation of
cellent agreement with simulations for finiB/F,”® due to  |Sp's since the determination of the full distribution of cap-
the extreme sensitivity of the ISD on the CND in the y,e zones is a very difficult problem for which no exact

asymptotic limit, the corresponding asymptotic I1SD iS gqytion has so far been obtained even in the most simple
shifted to the right, with a cutoff at finite scaled |sland-S|ze.CaseSr>,9

However, by slightly modifying our analytical expression
(12) for the asymptotic scaled CND and solving self- cases of interest such as growth in two dimensions. The

consistently, we have obtained analytic expressions for th . . )
asymptotic CND and corresponding ISD which are in eXcel_Sresent analytical work was essentially dependent on the as

o X mptotically valid relationB(u)=C(u). It is not clear that
lent agreement with simulations. These results also supportt L ; :
. - such an explicit relation may be derived for the case of two-
our conjecture thaB(0)=z and thatB(u)— zu for largeu.

We have also shown rigorously that in the asymptoticdimenSional growt_h as serious m'athematical difficulties oc-

limit the scaled gap distributiol8(u) is identical to the cur due to complicated expressions f_or the _Iocal capture

S ; numbers. Consequently, further work is required to deter-

_scal_ed capt‘L‘Jre-number_dlstr|but|dh("u). This result also mine if a straightforward extension of the present work to
implies the “self-averaging property” of the capture zones

) X 'this case is possible.

i.e., the average capture numhey is exactly equal to the
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this “self-averaging property” holds more generallys sug- DMR-0219328.

Finally, we consider the extension of these results to other
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