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The results of an analytic calculation of the surface current and selected mound angle as a function of the
Ehrlich-Schwoebel step barrier E B and substrate temperature T are presented for a model of epitaxial growth
on bcc~100! and fcc~100! surfaces. Depending on the sign of E B and the magnitude of the prefactor for
diffusion over a step, various scenarios are possible, including the existence of a critical temperature T c for
mound formation above which ~for a positive step barrier! or below which ~for a negative step barrier!
quasi-layer-by-layer growth will be observed. For the case of Fe/Fe~100! deposition our calculation implies an
upper bound for T c which is consistent with experiment. The weak parameter dependence of our estimates
for the mound angle confirms and explains the good agreement found in previous estimates assuming
different values of the step barrier. We also clarify the transition to layer-by-layer growth at low and high
temperature including the effect of a finite diffusion length on reentrant behavior at low temperature.
@S0163-1829~96!04343-3#

I. INTRODUCTION

The role of the Ehrlich-Schwoebel step barrier1–4 ~defined
as the difference between the energy barrier for an adatom to
hop from a terrace to the layer below and the energy barrier
for diffusion on a flat terrace! in determining the surface
morphology in epitaxial growth has been the subject of a
large amount of recent experimental and theoretical work. In
particular, the existence of a barrier to interlayer diffusion
has been shown to lead to a morphological instability5,6 and
the formation of ‘‘mounds,’’ ripples, or facets which coarsen
with time.6–13 For example, recent experiments on Fe/
Fe~100! deposition at room temperature11 have demonstrated
the formation of mound structures with a selected ‘‘magic’’
angle of approximately 13°. In addition, recent experiments
on Fe/MgO~001! deposition at T.180 °C ~Ref. 12! have led
to pyramid formation in which @012# facets were observed.
Similarly, recent experiments on Cu/Cu~100! deposition indicate the formation of low-angle @113# facets at T5160 K
and @115# facets at 200 K. Low-angle mound formation has
also been observed in Ge/Ge~100!,13 GaAs/GaAs~100!,6 and
possibly in Ag/Ag~100!.14
Recently, we have shown15,16 that for deposition on metal
fcc~100! and bcc~100! surfaces, the presence of a selected
mound angle may be explained as a result of the competition
between an upward surface current due to the reflection of
adatoms from descending steps ~due to the step barrier! and
the effects of crystal geometry, which lead to a downward
~negative! current due to atoms deposited near step edges.
The value of the selected angle corresponds to the slope for
which the surface current is zero. In particular, in recent
kinetic Monte Carlo simulations of Fe/Fe~100! growth at
room temperature15–17 good agreement for the selected
mound angle and mound coarsening behavior with experiment has been found, using reasonable estimates for the
value of the interlayer step barrier for Fe/Fe~100!. In addition, an approximate analytical calculation of the surface current assuming an infinitely large step barrier was also carried
out15,16 and found to give a reasonable prediction for the
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selected mound angle for Fe/Fe~100! at room temperature.
These results appear to confirm the scenario of a kinetically
determined mound angle based on a competition between
upward and downward currents.
We note, however, that there may be situations in which
the step barrier E B is not present or is relatively weak, and in
this case mound formation may not occur. For example,
simulations indicate that for the case of no step barrier
(E B 50) mound formation does not occur.16 In addition, recent experiments6 on GaAs~100! deposition at 555 °C demonstrate the existence of low-angle ~approximately 1.5°)
mounds, suggesting that if the angle selection is due to a
similar kinetic mechanism in this case, then the step-barrier
involved is relatively weak. Thus, two general questions
emerge. ~i! Is there a critical temperature above which
mound formation no longer occurs? ~ii! What is the dependence of the mound angle on temperature ~for a given value
of the step barrier! or more precisely on the ratio E B /k B T?
Here we try to answer these questions by extending our previous calculation of the surface current and selected mound
angle on a ~100! surface for an infinite barrier16 to the case of
a finite step barrier.
II. MODEL

As in Refs. 15 and 16 we consider a quasi-onedimensional model consisting of a regular stepped bcc~100!
or fcc~100! surface with infinitely long straight steps along
the @001# direction ~see Fig. 1! with slope m and terrace
length l51/m ~in units of 1/2 the next-nearest-neighbor distance! where l52 j11 and j is the number of exposed rows
in each ~100! terrace. Assuming that steps are relatively
straight due to edge diffusion @as is the case for Fe/Fe~100!#
such a model is appropriate in the asymptotic ~late-time!
limit since in this limit the mound size is significantly larger
than the terrace size. With a slight modification of the crystal
geometry, a similar model may also be appropriate in the
case of the one-dimensional ripple structures observed in
GaAs~100! deposition. We note that the notation used here
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FIG. 2. Diagram showing random walk ~on sites corresponding
to fourfold hollow terrace sites in Fig. 1! between absorbing sites at
0 and c.

that a particle landing at site l21 will cascade with probability 1 to the attachment site 0 on the lower terrace. However, for generality we consider the case in which such a
particle ‘‘cascades’’ to the lower terrace attachment site with
probability 12 b and to the upper terrace with probability
b @see Fig. 1~b!#. For comparison with Fe/Fe~100! deposition
at room temperature, it appears that the simplest assumption
( a 51/2 and b 50) is most appropriate.

FIG. 1. Diagram showing stepped bcc ~100! surface with slope
m ~terrace width l51/m) and straight step edges along the ~001!
axis ~side view!. ~a! Even sites correspond to fourfold hollow sites
on terrace. Sites labeled 0 and l are step-attachment sites. ~b! Arrows show probabilities of upward and downward funneling after
deposition at a step.

refers to a bcc~100! geometry @as for Fe~100!# and in this
case the tilted surface considered here corresponds to a
@ 10l# facet. However, these calculations also apply to deposition on a fcc~100! surface. In particular, for this case the
stepped surface corresponds to a @ 11l# facet, while the actual
value of the selected slope is A2 times larger due to the
difference in the relative spacing between layers.
For a given slope m, the surface current per particle (J)
may be estimated by multiplying the probability m that an
atom will be deposited at a given site by the average ~signed!
distance traveled before incorporation at an ascending or descending step. For simplicity, we assume irreversible attachment at ascending steps ~site 0 or l in Fig. 1!. This is appropriate for a variety of systems over a range of temperatures,
although at high enough temperatures detachment from step
edges may need to be taken into account. As in previous
work,15,16 we assume that freshly deposited atoms may only
be incorporated at epitaxial growth sites so that atoms which
do not land on fourfold hollow sites, must ‘‘cascade’’ to the
nearest fourfold hollow site before diffusing and being incorporated into the surface.
The selected slope m 0 is then determined by finding the
value of the slope for which the surface current is zero.18–21
In the usual downward funneling models15,16,23,24 one assumes that particles which land at the edge of a step ~site
l22 in Fig. 1! will go with equal probability to the nearest
fourfold hollow sites on the upper or lower terraces. More
generally, an adatom deposited at such a site might hop with
different probabilities to the upper and lower terraces due to
various effects at a step edge. Therefore, we consider the
general case in which a particle landing at the edge of a step
~site l22) will ‘‘cascade’’ to the fourfold hollow site on the
upper terrace with probability a and to the lower terrace
attachment site with probability 12 a @see Fig. 1~b!#. Similarly, in the usual downward funneling models one assumes

III. CALCULATION OF SURFACE CURRENT
AND MOUND ANGLE

The total surface current J may be divided into two contributions ~see Fig. 1!. The first contribution (J 1 ) comes
from processes which lead to immediate attachment of a
freshly deposited adatom at a step edge ~site 0 or l). These
include deposition at site l22 followed by a cascade to the
right by two units with probability 12 a , deposition at site
l21 followed by a cascade to the right with probability
12 b , and deposition at site 1 followed by a cascade to the
left with probability 1/2. Summing, we obtain
J 1 5(2 a 1 b 25/2)m.
The second contribution to the surface current (J 2 ) corresponds to those processes in which diffusion on the terrace
takes place before attachment to an ascending or descending
step. In particular, particles are assumed to diffuse randomly
to the right or to the left on fourfold hollow terrace sites @i.e.,
even sites 2i with i51 to (l25)/2# away from a step edge
and be absorbed at the ‘‘step-attachment sites’’ 0 or l. However, at the edge of a terrace @site (l23) in Fig. 1#, due to the
step barrier, the probability of a hop to the right is given by
g 5( n B / n 0 )e 2E B /k B T / @ 11( n B / n 0 )e 2E B /k B T # , where n B / n 0
is the ratio of the frequency factors for hopping to the right
versus hopping to the left at the step edge, and the probability of a hop to the left is given by 12 g . This can be mapped
to a random walk between two absorbing barriers at 0 and
c as shown in Fig. 2, in which walkers at sites i with
1<i<c22 ~corresponding to adatoms at sites 2i in Fig. 2!
hop randomly to the right or to the left with probability
1/2, while a walker at site c21 hops to the right ~left! with
probability g (12 g ) and where c5(l21)/2. This leads to
the following expression for J 2 :
J 2 5 ~ a 21/2! m ~ l P ~ l23 ! /222 ! 1 b m ~ l P ~ l23 ! /221 !
~ l23 ! /2

12m

(

i51

@ 2i P i 2 ~ 12 P i !~ l22i !# ,

~1!

where P i is the probability that a particle deposited at site
2i will attach at site 0 ~e.g., the upper step!, the factor of 2 in
front of the summation is there to include particles on the
terrace which have cascaded from odd to even sites before
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diffusion, and the two terms before the summation are correction terms which must be included if a Þ1/2 or b Þ0,
respectively.
Using difference equation techniques,22 we have calculated the probability P i that a particle deposited at site 2i
~corresponding to a walker at site i in Fig. 2! will be absorbed at site 0, and we find the general expression
P i 512

i
,
c211R

~2!

where R5(12 g )/ g 5( n 0 / n B )e E B /k B T . Substituting this
equation with c5(l21)/2 into Eq. ~1! and replacing everywhere the terrace length l by 1/m, we obtain the general
expression for the surface current J5J 1 1J 2 ,
J5

~ 2R23 ! 1m $ 912R @ 2 ~ a 1 b ! 25 # %
,
2 @ 11 ~ 2R23 ! m #

~3!

where R5( n 0 / n B )e E B /k B T . As can be seen, our expression
for the surface current depends on only two parameters: the
downward funneling parameters a and b ~which combine to
form the combination a 1 b ) and the step-diffusion asymmetry ratio R. Given the assumptions used in our derivation, we
expect this expression to be valid for m not too large ~i.e.,
m<1/3). We also note that in the above calculation, we ignored the possibility of islanding on a terrace. However, as
long as the diffusion length s is significantly longer than the
terrace size l51/m, we expect Eq. ~3! to be valid. This implies that as long as the selected slope is larger than 1/s , the
existence of a finite diffusion length will not affect our estimate of the selected slope. However, for very small slope
m ~such that the terrace size is larger than the diffusion
length! the surface current will be cut off by the diffusion
length and will go to zero in the limit m goes to zero. The
effect of a finite diffusion length on the existence of mounding at low temperature is discussed further below.
As can be seen from Eq. ~3!, for R.3/2 the surface current is positive for small m leading to a mound instability,
while for R,3/2 the surface current is negative for small
m and there is no mound formation. Thus there is a critical
value of R (R c 53/2) required for mound formation. This
implies that for a finite positive step barrier E B , there exists
a critical temperature above which mound formation does
not occur. The critical value of R is independent of the parameters a and b which control the probability for an adatom deposited near a step edge to land on the upper or
lower terrace since the effects of these parameters vanish in
the limit of small slope m. We note that for the case of no
step barrier (E B 50, n 0 5 n B ) one has R,R c so that there is
no mound instability, in agreement with simulations.16
From Eq. ~3!, we may obtain the selected mound slope as
a function of R,
m 05

2R23
4R ~ 12 a 2 b ! 13 ~ 2R23 !

~ R>3/2! .

~4!

Equation ~4! implies that as R approaches the critical value
R c 53/2 from above, the mound slope decreases continuously to zero ~for a 1 b ,1). For a 1 b 51, the selected
slope remains constant (m 0 51/3) for R.3/2 and there is a
discontinuous transition to zero mound angle at R53/2. We

FIG. 3. Selected mound slope m 0 as a function of
r5ln(n0 /nB)1EB /kBT using Eq. ~4! for the case a 51/2, b 50
~solid line!. Circles correspond to estimates obtained from simulations of Fe/Fe~100! deposition at room temperature in Ref. 15
~filled! and Ref. 17 ~open!. Square is experimental estimate ~Ref.
11! while triangle is simulation result for a smaller value of r.
Diamond-shaped symbols correspond to inverse diffusion length
1/s for Fe/Fe~100! obtained from experimental results for the island
density. The dashed line is a theoretical fit ~see text!.

note that for a 1 b .1, Eq. ~4! implies a selected slope
greater than 1/3 so that Eqs. ~3! and ~4! may break down in
this case. Therefore, in what follows, we restrict the discussion to the case a 1 b <1.
For the case of an infinite step-barrier (R5`), Eq. ~4!
implies m 0 51/@522( a 1 b ) # . For the case b 50, this implies a maximum selected slope ranging from m 0 51/5 for
a 50 ~enhanced downward funneling! to m 0 51/3 for a 51
~enhanced upward funneling!. For the case of an infinite step
barrier with a 51/2 and b 50 ~corresponding to the usual
downward funneling23! we obtain m 0 51/4 in agreement
with our previous calculation for this case.15,16 We note that
this corresponds to a selected slope which is intermediate
between that for a @103# facet and a @105# facet on a bcc~100!
surface @or between a @113# facet and a @115# facet on a
fcc~100! surface#.
IV. RESULTS AND COMPARISON WITH EXPERIMENTS

Figure 3 shows the predicted mound slope using Eq. ~4!
as a function of r5lnR5ln(n0 /nB)1EB /kBT for the case
a 51/2 and b 50 ~corresponding to the usual downward
funneling23!. For r.1 the selected mound slope is very close
to the infinite barrier value m 0 50.25, so that the selected
mound angle is essentially independent of temperature over
this range. However, for r,1 there is a very rapid decrease
in the mound slope, with a critical value for mound formation corresponding to r c 5ln(3/2).0.405. Also shown in
Fig. 3 are the estimated mound slopes obtained from room
temperature kinetic Monte Carlo simulations of the surface
current using different values of r along with the experimental estimate for Fe/Fe~100! deposition at room temperature
(m 0 .0.23) which corresponds, assuming a 51/2, b 50, to
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r.1.8. As can be seen, there is very good agreement between the simulation results and Eq. ~4!. We note that the
r.2.7 estimate (m 0 .0.24) corresponds to simulations of
Fe/Fe~100! deposition with n 0 / n B 51 and an estimated step
barrier E B 50.07 eV.15 The r.1.7 estimate (m 0 .0.22) corresponds to an estimate for the mound angle for Fe/Fe~100!
~Ref. 17! made using a smaller value for the step barrier
(E B 50.045 eV! obtained assuming infinitely fast edge diffusion.
We note that the condition for mound formation r.r c
implies that if E B .0, then if n 0 / n B ,3/2 there exists a critical temperature for mound formation which is independent
of a and b , i.e.,
T c5

E B /k B
.
ln~ 3/2! 2ln~ n 0 / n B !

~5!

For T.T c mound formation does not occur. Since detachment from step edges may lead to a significant reduction in
the upward current at high temperature, this is most likely an
upper bound for T c . However, if E B .0 and n 0 / n B .3/2,
then ~neglecting the reduction in the surface current due to
step detachment or island formation! mound formation occurs at all temperatures and there is no critical temperature
for mound formation. On the other hand, if E B ,0 ~negative
step barrier! and n 0 / n B .3/2, then Eq. ~5! implies a lower
critical temperature for mound formation such that there is
mound formation for T.T c but not for T,T c . Finally, if
E B ,0 and n 0 / n B ,3/2, then there is no mound formation at
any temperature and one expects logarithmic, quasi-layer-bylayer growth.16,25 For the case of no step barrier (E B 50) the
critical value of n 0 / n B is equal to 3/2 for all temperatures.
Figure 4 shows a plot of the critical temperature for mound
formation as a function of the ratio n 0 / n B for both E B .0
and E B ,0.
Assuming n 0 / n B 51 along with the estimates of the step
barrier for Fe/Fe~100! obtained in Ref. 15 (E B 50.07 eV!
and Ref. 24 (E B 50.045 eV! we obtain a value
(T est
c 5130021800 K! which most likely overestimates T c
for Fe/Fe~100!. In particular, quasi-layer-by-layer growth for
Fe/Fe~100! has been observed near T5800 K.12,26 However,
if n 0 / n B 50.7, this leads ~along with a slight reduction in the
estimated step barriers! to a large reduction in the estimated
critical temperature (T est
C 55002900 K!. Thus, the estimated
critical temperature for mound formation depends sensitively
on the ratio n 0 / n B as well as on the step barrier.
As already noted, in our calculation of the surface current
J we have ignored interactions between adatoms and existing
islands or other adatoms. As long as the selected terrace size
is less than the diffusion length s ~e.g., m 0 .1/s , where s is
in units of half the distance between fourfold hollow sites!
then this interaction may be ignored. However, when the
average terrace size is greater than or equal to s ~e.g.,
m 0 <1/s ) then the surface current may be modified by the
presence of islands. In order to see if this is the case for
Fe/Fe~100! deposition, we have also included in Fig. 3 an
estimate of 1/s obtained using experimental results for the
island density ~per site! N at 0.07 ML coverage26,27 via the
formula 1/s .3 1/4A3N/2. Here we have assumed a regular
triangular array of islands and s has been taken to be equal
to one-half the distance between an island and the center of

FIG. 4. Critical temperature T c for mound formation predicted
by Eq. ~5! as a function of the prefactor ratio n 0 / n B for both positive and negative step barrier.

each triangle. ~The value of r has been estimated assuming
n 0 / n B 51 and E B 50.07 eV.! Also shown is a theoretical
fit28 for 1/s ~dashed line! which extends to both lower and
higher temperatures the estimates based on the experimental
island density. As can be seen, at high temperatures ~small
E B /k B T) the diffusion length increases quite rapidly so that
1/s !m 0 and the average terrace size remains significantly
larger than the diffusion length. Accordingly, the existence
of mounds in Fe/Fe~100! does not appear to be affected by
the diffusion length at high temperature. However, at low
temperature ~large E B /k B T) the diffusion length becomes
significantly smaller than the selected terrace size and in fact
eventually becomes smaller than a lattice constant. This
leads to the suppression of mounding for E B /k B T.3.4 and
reentrant logarithmic growth of the surface width. This is
consistent with simulation results at finite temperature
(T5213 K corresponding to E B /k B T53.5 with E B 50.07
eV! ~Ref. 16! in which a constantly decreasing ‘‘mound
angle’’ and quasilogarithmic growth of the surface width
was observed. The behavior in the very low temperature
limit in which there is no diffusion has already been discussed in Refs. 15, 23, and 24.
V. CONCLUSIONS

We have calculated the selected mound angle for growth
on bcc~100! and fcc~100! surfaces for the case of a finite step
barrier E B , using a quasi-one-dimensional model with
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irreversible attachment at up-steps and a variable probability
for downward funneling of atoms landing near a step edge.
For the case of an infinite step barrier ~with b 50) we found
that the selected slope varies between m 0 51/5 for a 50
~corresponding to enhanced downward funneling at a step
edge! and m 0 51/3 for a 51 ~enhanced upward funneling at
a step edge!. We note that the first case (m 0 51/5) is consistent with experiments on Cu/Cu~100! at 200 K in which
@115# facets were observed while the second case
(m 0 51/3) is consistent with experiments on Cu/Cu~100! at
160 K in which @113# facets were observed. For the case of
an infinite barrier with a 51/2 and b 50 ~corresponding to
the usual downward funneling23! we find m 0 51/4 in good
agreement with a recent calculation and simulations for this
case. For all a 1 b <1 we find that there exists a critical
value of the parameter r5ln(n0 /nB)1EB /kBT @r c
5ln(3/2).0.405# such that for r,r c mound formation no
longer occurs. For E B .0 and n 0 / n B ,3/2 this implies the
existence of a critical temperature for mound formation
above which mounds are not formed, while for E B .0 and
n 0 / n B .3/2 no critical temperature for mound formation is
predicted. For E B ,0 and n 0 / n B .3/2 this implies the existence of a lower critical temperature for mound formation
while for E B ,0 and n 0 / n B ,3/2 quasilogarithmic growth of
the surface width is expected at all temperatures.
We have also presented extensive numerical and simulation results for the case of a finite step barrier E B with
a 51/2 and b 50. In this case we find that for a sufficiently
large value of the step barrier, e.g., r5ln(n0 /nB)
1EB /kBT.1, the selected mound angle is relatively indepen-

dent of temperature. These results appear to explain the relatively good agreement for the mound angle obtained between
recent simulations assuming different values for the step barrier E B and also the good agreement with Fe/Fe~100! experiments. Furthermore, our analytical results account essentially
quantitatively for the observed experimental and simulation
results for Fe/Fe~100! at room temperature. While our results
appear to overestimate the critical temperature for mound
formation in Fe/Fe~100!, we have shown that inclusion of a
number of likely effects ~such as n 0 / n B Þ1 or the inclusion
of detachment from step edges at high temperatures! may
account for this overestimate. Finally, we have considered
the effects of a finite diffusion length on the existence of
mounds. In particular, we have shown that for Fe/Fe~100! at
high temperatures the diffusion length remains higher than
the selected terrace size and therefore the finite diffusion
length does not affect mound formation. However, as the
temperature is decreased the diffusion length becomes significantly shorter than the predicted terrace size leading to
reentrant behavior as has been observed in simulations at low
temperature16,23,24 and in experiments.29,30
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