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A rst-passage-time (FPT) approach to accelerate kinetic M onte Carlo (KMC) simulations of
metal(100) epitaxial growth with fast edge di usion is desc ribed. In our approach, the process of
(one-bond) edge-di usion is replaced by an analytical expr ession for the rst-passage time for an
edge-di user to be absorbed either by corner-rounding or ki nk-attachment, while the remaining
activated processes are treated with regular KMC. As a test of this approach we have studied
three di erent models of multilayer growth, including two i rreversible growth models as well as
an e ective-medium theory (EMT) model of Cu/Cu(100) growth By taking into account the
di erences in hopping rates at boundaries and including int eractions of edge-di users with other
atoms we have obtained very good agreement between our FPT KMC and regular KMC simulations.

In addition, we nd that our FPT approach can lead to a signi c

KMC simulations.

PACS numbers: 05.10.Ln, 68.35.Fx, 81.15.Aa

. INTRODUCTION

Kinetic Monte Carlo (KMC) is an extremely e cient
method"23456 to carry out non-equilibrium simula-
tions of dynamical processes when the relevant rates are
known. As a result, the KMC method has been success-
fully used to carry out simulations of a wide variety of
dynamical processes over experimentally relevant time-

and length-scales. However, in some cases, such as when

the relevant processes have a wide range of activation en-
ergies, much of the simulation time can be "wasted' on
low-barrier repetitive events. As a result, in these cases
direct KMC simulations may not be su cient to reach
the time-scales of interest.

A variety of approximate approaches to dealing with
this \time-scale" problem have been suggested, in-
cluding the level-set method and other multi-scale
approaches®®10:11 However, another approach is the use
of rst-passage-time (FPT) algorithms. In this approach
one avoids simulating the numerous diusive hops of
atoms, and instead replaces them with an analytic ex-
pression for the rst-passage time to make a transition
from one location to another!? For example, the FPT
method has been used in Monte Carlo simulations of
single-walker propagation!®# as well as in simulations of
annihilating continuum random walkers in two and three-
dimensions!® More recently a hybrid FPT method has
been used to study the irreversible growth of extended
one-dimensional islandst® However, perhaps because of
their complexity, FPT techniques have not been previ-
ously used to carry out simulations of multilayer epitaxial
growth.

Here we develop and apply a FPT method to accel-
erate KMC simulations of multilayer epitaxial growth.
We note that one of the primary motivations of this
work was the observation that, due to the extremely
low-barrier for edge-di usion in Cu/Cu(100) growth, a
great deal of computation time is ‘wasted' on repet-

ant speed-up compared to regular

itive edge-di usion events even at relatively low tem-
peratures. Accordingly, we have used our method to
carry out simulations of a variety of models of epi-
taxial growth with fast edge-di usion and a signi cant
barrier for corner-rounding. These include a relatively
sophisticated e ective-medium-theory (EMT) model of
Cu/Cu(100) growth as well as simpler irreversible growth
models including a “generic' model of irreversible fcc(100
growth and a solid-on-solid model.

In our simulations, the process of (one-bond) edge
di usion is treated using the FPT approach, while the
remaining activated processes are treated with regular
KMC. In particular, the process of edge diusion was
rst mapped onto a one-dimensional random walk be-
tween two partially absorbing boundaries for which ex-
plicit expressions for the mean FPT and absorption prob-
abilities have already been derived”'® For complete-
ness, we have also derived explicit expressions for the
conditional rst-passage time. In order to take into ac-
count the di erence in hopping rate at a corner and along
a straight-edge, we have also derived analytical expres-
sions for the number of times an edge-di user reaches a
boundary corresponding to a kink-attachment site or a
corner before being absorbed. Since an edge-di user can
interact with other atoms such as another edge-di user
or a monomer approaching a step, we have also included
these interactions in our simulations. While this requires
signi cant overhead, we have been able to achieve a sig-
ni cant speed-up in simulations of multilayer epitaxial
growth carried out using our FPT method. In addition,
we nd that in the absence of signi cant detachment of
edge-di users from step-edges, there is excellent agree-
ment between our FPT KMC simulations and regular
KMC simulations.

This paper is organized as follows. In Sec. Il we de-
scribe the models used in our simulations. These include
an e ective medium theory (EMT) model of Cu/Cu(100)
growth as well as two irreversible growth models - a
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FIG. 1. Diagram showing neighboring sites a ecting the en-
ergy barrier for intralayer di usion of a central atom (shad ed
circle) used in EMT model of Cu/Cu(100) growth (see Eq. 1).

generic model of fcc (100) growth and a solid-on-solid
(SOS) model. In Sec. Il we describe our FPT approach
in detail and also provide the corresponding analytical
expressions for rst passage time and absorption prob-
abilities. A comparison between simulation results ob-
tained using FPT KMC and regular KMC is presented
in Sec. IV, while a summary of our results is presented
in Sec. V. Finally, in Appendix A we derive corrections
to the mean FPT corresponding to the number of times
a diusing particle hits the boundaries before it is ab-
sorbed. Explicit expressions for the conditional FPT are
also derived in Appendix B.

Il.  MODEL

In order to test our FPT KMC method, we have ap-
plied it to an EMT model of Cu/Cu(100) growth with
fast edge-diusion which also takes into account the
fcc crystalline geometry. We note that this model has
previously been used®?° to obtain excellent quantita-
tive agreement with the experimental results of Ernst
et aP! for Cu/Cu(100) multilayer growth at 160 and
200 K. More recently it has also been used to ex-
plain similar but slightly di erent experimental results
for Cu/Cu(100) growth obtained by Botez et al. 23

In this model, the energy barriers for intralayer dif-
fusion correspond to a parameterization of EMT barri-
ers calculated by Jacobser? In particular, as shown in
Fig. 1, in the EMT model the energy barriers for hop-
ping of an adatom on a at terrace are determined by
its interactions with the ve neighboring atoms labeled
A;B1;B>2;C1, and C,. In particular, if an adatom ( lled
circle) has a lateral bond with neighboring sitei (where
i = A;B1;B>;Cy and Cy), then the occupation number
N; for that site is 1 and otherwise it is zero. The corre-
sponding energy barrierEp, may then be calculated using
the expression?*

Ea

Ea
= -+ = . +
Eb= -+ 5 [(Najl)

(Nc,;0) (Nc,;0)(2+ (Ns,;1) (Ns,;1))] ()

where E; = 0:425 eV is the activation energy for
monomer diusion. We note that this expression im-
plies the existence of 4 possible di erent values for the
intralayer di usion barrier: E,;=2 for atoms without an

A neighbor but with one or both of Cy; C,, E, for atoms
with no neighbors, and also for atoms with anA neigh-
bor and one or both of C1; C,, 3E,=2 for atoms with an
A neighbor and no \B" or \C" neighbors, and 2 E, for
atoms with an A neighbor and both \B" neighbors and
no \C" neighbors. One of the consequence of Eql is
the existence of \fast" edge-di usion (see Fig.2) with a
barrier (E;=2) which is signi cantly smaller than that for
monomer di usion. Another consequence is that dimer
diusion (via reptation) is as fast as monomer diu-
sion. Once the activation barrier is obtained, the rate
for a given move is given byD = Do e Ev»7ke T \where
Do=3 10 sec . We note that this value was deter-
mined by comparing the calculated antiphase di raction
factor at a coverage of @3 monolayer (ML) at T = 213
K and deposition rate F = 0:1 ML/min with the cor-
responding experimental results of Swaret al.?® In all
of our simulations a deposition rateF = 1=120 ML/s -
the same as in the experiments of Ernst et &t - was
assumed.

In order to simulate multilayer growth, the model
described by Eq.1 has been modied in two ways!®
First, to take into account the Ehrlich-Schwoebel (ES)
barrier,?®27 for all interlayer di usion processes an addi-
tional ES barrier of 0:02 eV is added to the valueEy given
by Eg. 1. We note that this should be considered to be an
e ective ES barrier, since both EMT calculations?® and
density-functional theory (DFT) calculations ?° indicate
that the ES barrier for interlayer di usion at a close-
packed step-edge is signi cantly higher than at an open
step-edge. The second modi cation involves the barrier
for corner-rounding (see Fig.2(e). Since Eq.1 implies
that the barrier for an adatom at a corner along a step-
edge of an island to detach along the edge is given by
Ea while the barrier to “re-attach" is very small (E5=2),
this implies an e ective corner-rounding barrier of 0:425
eV. However, in Ref. 19 it was found to be necessary to
assume a smaller e ective corner-rounding barrier (e.g.
0:35 eV) in order to explain the relatively large value
of the growth exponent ( ' 1=2) found in the ex-
periments of Ernst et al’* at 200 K. Accordingly, in our
simulations, this smaller barrier was used. We note that
in our model this enhanced corner-rounding move is only
allowed to occur for the case of in-plane motion, i.e. no
combined enhanced corner-rounding and interlayer di u-
sion moves are included in our simulations. Finally, we
note that in all the results presented here the \corner-
rounding" move was suppressed for dimers and trimers
since this leads to enhanced dimer and trimer di usion.

As in previous simulations of metal(100) growth, also
included in our model is downward funneling (DF),%° for
atoms deposited at non-four-fold hollow sites. In KMC
simulations with the usual DF and no short-range attrac-
tion, atoms are assumed to be deposited only at the un-
derlying fcc(100) lattice sites, each of which corresponds
to a “capture zone' for deposition33? In particular, if a
selected deposition site is a four-fold hollow site, then tie
deposited atom remains where it is immediately after de-



FIG. 2: Diagram showing some important intralayer moves
in EMT Cu(100) model along with corresponding activation
barriers. (a) monomer di usion (b) single-bond edge di usi on
and detachment (c) two-bond edge di usion (d) monomer at-
tachment at a step-edge (e) corner-rounding (E. = 0:35 eV)
(f) kink detachment along an edge.

position. However, if one or more of the four-fold hollow
“support' atoms is missing, then the atom “cascades' ran-
domly to one of the missing support sites. This process
is repeated until a four-fold hollow site is found. As in
Ref. 19, in the simulations presented here, the deposition
process is similar, but with a small modi cation to take
into account the e ects of uphill funneling as determined
from molecular dynamics simulations?? In particular, if
an atom lands at a site which is not a four-fold hollow site
but for which one or more of the missing support sites
are themselves four-fold hollow sites, then one of these
four-fold hollow sites is randomly selected. Otherwise,
the deposition process is the same as for DF.

Fig 2 shows some of the important intralayer di usion
moves in our EMT model, including monomer-di usion
(Fig. 2(a)), singly-bonded edge-diusion (Fig. 2(b)),
double-bond edge-di usion (Fig. 2(c)), corner-rounding
(Fig. 2(e)), kink detachment (Fig. 2(f)), and kink re-
attachment (Fig. 2(d)). As can be seen, the barriers
for singly-bonded edge-di usion, doubly-bonded edge-
diusion and kink re-attachment are very low (e.g.
Ea,=2 = 0:2125 eV) while the barrier for kink detach-
ment along an edge (see Fig2(f)) is the same as for
monomer diusion. Accordingly, we expect that both
singly-bonded and doubly-bonded edge-di usion will lead
to fast repetitive events which can signi cantly slow down
regular KMC simulations. However, because it turns out
that two-bond edge-di usion has almost no e ect on ei-
ther the surface roughness or the surface morphology,
and also because the focus here is on applying the FPT
method to accelerate single-bond edge-di usion, to save
computational time the rate of two-bond edge-di usion

FIG. 3: Pathways for edge- and interlayer di usion in EMT
Cu(100) model. Barriers for each process are as follows: (1)
Ea=2 (2) Ec (3) 3Ea=2+ Egs (4) 3Ea=2 (5) Ea+ Ees (6) Ea
(7) Ea=2 + Egs

has been reduced by a factor of 10 in all of our EMT
model simulations. Fig. 3 shows all the possible di erent
absorption pathways for a singly-bonded edge-di using
atom in our EMT model along with the corresponding
barriers. In addition to kink-attachment (1) and corner-
rounding (2), these include detachment perpendicular to
an edge with (3) or without (4) interlayer di usion, de-
tachment parallel to an edge with (5) and without (6)
interlayer di usion, and edge-di usion over a step-edge
(7).

In addition to the Cu/Cu(100) growth simulations car-
ried out using the EMT model described above, we have
also carried FPT KMC simulations of two simpler irre-
versible growth models. These include a \generic" fcc
model with DF and irreversible island formation (no de-
tachment) as well as an even simpler solid-on-solid (SOS)
model which is similar to the \generic" fcc model but
which does not take into account the fcc geometry. In
order to mimic the e ects of DF, in the SOS model any
atom deposited at a step-edge was assumed to \funnel"
down randomly to one of the lower nearest-neighbor sites.
For both of these irreversible growth models, the depo-
sition ux, and the rates of monomer interlayer and in-
tralayer diusion, and edge- and corner-di usion were
assumed to be the same as for the EMT model.

I1l.  APPLICATION OF FPT METHOD TO KMC

A. First-Passage Time for 1D Random Walker

FIG. 4: Schematic showing 1D random walker di using be-
tween partially absorbing boundaries at 0 and L with absorp-
tion probabilities o and | respectively.



Before discussing the application of our FPT method
to KMC simulations, we rst present the relevant ana-
lytical expressions for the FPT of a 1D random walker
di using on the interval [0 ; L] with partial re ection and
absorption at each boundary (see Fig4). Away from the
boundaries the particle has an equal probability of mov-
ing to the right or to the left at each time-step. However,
we assume that when the walker arrives at site 01(), it
is absorbed with probability o ( ) and re ected with
probability 1 o (L L) respectively. The probability
Po(x;L; o; L) that a walker initially at site x will be
absorbed at 0 is then given by":18

L x+ L

Po(X; L; P EEE—
o IEe—

0y L)= 2)
where 0= (1 0)= 0 and L = (1 |_)= L, while
the probability that the walker will be absorbed at site
L is given by PL(x;L; o; L) =1 Po(X;L; o; L) In
addition, the average number of hopsn(x) or mean FPT
before a walker initially at site x is absorbed ateither of
the boundaries is given by!’:33

" #

LL+2 Jx+ o) >

(L+ o+ 1)

n(x) =

3)

While we will primarily make use of Eq. 3, it is also
interesting to consider the conditional rst-passage time
no(x) (ny(x)) corresponding to the average number of
hops before a particle is absorbed at site OL(). We note
that the conditional rst-passage times ng(x) and np (x)
must satisfy the condition,

n(x) = Po(XL; o; 1) No(x)+ PL(XL; o ) nL(X() )

4
We also note that expressions for the conditional FPT's
no(x) and ni (x) were presented in Ref17. However, per-
haps due to an error in the boundary conditions, these
expressions are not correct and do not satisfy Eg4. Ac-
cordingly, in Appendix B we derive and present correct
expressions for the conditional rst passage timesg(x)
and n (x) for a 1D random walker di using between two
partially absorbing boundaries.

B. Implementation of FPT approach

In order to speed-up our KMC simulations, we have
replaced the detailed moves of a singly-bonded atom dif-
fusing along an island-edge, by a calculation of its overall
escape time for \absorption". We note that the remain-
ing di usive moves, for which the barriers are typically
signi cantly higher than for edge-di usion, are treated
as regular KMC moves. Accordingly, we map the dif-
fusion of an edge-atom to a 1D random walk with par-
tially absorbing boundaries with the appropriate values
of x;L; o and L. For example, for the case shown
in Fig. 5, with kink-attachment and corner-rounding at
the boundaries, one hasx = O;L = 3; o = 1=2, and

4

L = D¢=(De + D) where D and D, are the rates of
edge-di usion and corner-rounding respectively. Assum-
ing that the rate for edge-hopping in a given direction
(De) is the same for all sites along the edge including
the boundary sites, and ignoring the time required for
the last \absorption" move from the boundary, then the
mean rst passage time msp (X) for an edge-di user at
site x to \escape" from the edge is given by

mip (X) = N(X)=(2De) ()

wheren(x) is given by Eq. 3 while 1=(2D) is the average
time for each individual hop along the edge. However, as
discussed in the next subsection, additional terms must
be included to take into account the boundary site cor-
rections. These corrections turn out to be important to
obtain good agreement with regular KMC simulations.

FIG. 5: Example of edge-di usion with two possible absorp-
tion pathways: attachment to a kink with rate D, and corner-
rounding with rate De.

1. Corrections to rst passage time

In deriving Eq. 5, we have assumed that the total edge-
hopping rate (2D.) for an edge-di user is the same for
all sites including the boundary. However, this is not
generally true, since the total hopping rate at a corner is
given by D¢ + D¢. As a result corrections to Eqg. 5 must
be included. In order to do so, one rst needs to calculate
the number of times an edge-atom arrives at a corner site
before being absorbed. Let us denote by ,(x; 2) the
number of times (excluding the lasttime if 1 = ) that
a walker initially at position x arrives at boundary site

2 before being absorbed at site ; (where 1; , =0
or L). Then, assuming that the edge-atom was absorbed
at boundary site , the corresponding correction time

t (x) to the mean FPT given in Eq. 5 is given by,

t (x)=

whereD s the rate for absorption at the boundary, =
5 ﬁ corresponds to the correction time for each hop
away from a boundary at site , and the last term takes
into account the additional time required for the last hop
over the boundary. The mean correction-time ta, (X) is
then obtained by averaging over the possibilities that the
edge-di user is absorbed at site 0 and sitd. and is given
by,

oh (x;00+ | h (xL)+ =D (6)

tay (X) = Po(X) to(x) + PL(X) tL(x) (@)



where tg(x) and t_(x) are given in Eq. 6.

By carrying out an exact enumeration of all possible
walks (see AppendixA), we have derived analytical ex-
pressions forhg(x; 0); ho(X; L ); hy (x; 0), and h. (x;L). In
particular we nd,

o olo*+l) L x4+
h (x;0) = L+ o+ L X+ o (8a)
. _ L 1+ ¢
he(x;L) = L ﬁ (8b)
(8c)

The corresponding results forhg(x; 0) and ho(x; L) may
be obtained by interchanging o and | and replacing
x with L x in Eq. 8b and Eq. 8a respectively. By
combining Eq. 5 and Eqg. 7 we obtain our nal result for
the mean rst-passage time,

tav (X) )

We note that while the distribution of waiting times for
a single KMC event corresponds to an exponential distri-
bution (with mean equal to the inverse of the event rate)
the distribution of rst-passage times (with mean equal
to the mean rst-passage time) is expected to be some-
what sharper, since it corresponds to an \average" over
a large number of elementary events. However, a gen-
eral calculation of the full rst-passage-time distributi on
is extremely di cult. Accordingly, we have considered
the two extreme possibilities: (i) a delta-function distri -
bution, e.g. trp (X) = tmep (X) and (i) an exponential
distribution with mean equal to the mean rst-passage
time, e.g. trp (X) = In( ) tmsp (X) where is a uniform
random number between 0 and 1. Somewhat surprisingly,
we found that there was no di erence in the simulation
results obtained using the di erent distributions. Ac-
cordingly, in most of our FPT KMC simulations we have
used the assumption of a delta-function distribution.

tmfp (x) = mifp (x) +

2. Interactions between edge-di user and other atoms

While the FPT expressions above give the escape time
for an isolated edge-di user, an edge-atom can also inter-
act with other atoms before escaping. Examples include
the interaction of an edge-atom with another edge-atom
on the same edge, with another edge-atom on a step-edge
two lattice units away, and with a monomer approach-
ing the same edge either from above or below the step.
We rst consider the interaction between an edge-atom
and another edge-atom on the same edge (atoms B &
C in Fig. 6). Since it is dicult to determine an exact
expression for the distribution of collision-times and lo-
cations for two edge-di users along an edge in order to
approximately include such an interaction in our simula-
tions, for each edge-di user we have treated any neigh-
boring edge-di user as a stationary kink site (see sites
C, and B in Fig. 6). However, to take into account the

FIG. 6: Examples of edge-atoms (striped circles) and their
corresponding absorption sites (dashed lines) including inter-
actions with monomers, e.g. absorption sites for atom A are
Aq and As.

FIG. 7: Two interacting step-edges. Edge-atoms between
sites | and Il are treated with regular KMC, while edge-atoms
outside this region (e.g. atom A) are treated using FPT KMC.

fact that the relative di usion rate is twice the rate of

a single edge-di user, the calculated FPT for collision of
each edge-di user with the other is divided by a factor of
2. Similarly, a monomer approaching a step-edge on the
lower terrace one step away from the step-edge, is also
treated as a kink site (Fig. 6, sitesA, and C; ). However,
in this case the edge-di user is rst moved to a random
site along the edge before calculating the FPT to attach
to the monomer. This is a good approximation for the
models studied here since the rate of edge-di usion is sig-
ni cantly higher than the monomer hopping rate as well
as the (per site) deposition rate. For the SOS model this
\equilibration" is particularly important if the monomer
arrives from the upper step. In this case the edge dif-
fuser is rst moved to a random site along the edge be-
fore either performing interlayer di usion or calculating
the e ective DF due to knockout for a freshly deposited
atom at a step-edge. We note that while the inclusion
of such approximate equilibration processes only a ects
the surface roughness very weakly, it has a strong e ect
on the surface morphology, and is therefore important to
include especially in SOS models.

Finally, we consider the interaction between two edge-
di users which are on edges which are two steps away as
shown in Fig. 7. In this case, regular KMC is used when
both edge-atoms are in the \common" region (in between
I & 1) as shown in Fig. 7. Including this process is
particularly important in order to properly include island
coalescence in our simulations. Otherwise, FPT KMC is
used with sites | and Il treated as kink sites.

In order to take these interactions into account we as-
sociate each lattice site with a list of edge-di users it



FIG. 8: Schematic showing example of interaction sites
(empty circles) associated with edge-di user (striped cir cle).

can a ect. Accordingly, every time there is a change at
the site all a ected edge di users are updated. We note
that all sites one step away from the edge as well as both
absorption sites are linked with the edge di user in this
way. In the case of the fcc model, all potential edge-
di user support sites one step away from the edge (see
Fig. 8) are also linked with the edge di using atom in
order to properly take into account the e ects of steps
on \absorption".

3. Time-based KMC

In order to implement our FPT approach we have used
a time-based rather than a rate-based method. Thus, in
addition to maintaining a list of rst-passage times for
all edge-di users, after each event we also upgate the
total rate for all regular KMC moves Rimvc = ni R;
(where R; is the rate for a process of typei, and n; is
the number of processes of this type). This rate is then
used to calculate the time before the next regular KMC
event given by tkmc = In( )=Rkmc Where is a
uniform random number between 0 and 1. This time is
then compared with the time of the earliest FPT event
(selected using another binary tree). If the event type
corresponds to a regular KMC event, then the specic
event is selected randomly from one of the possible events
of this type. (We note that for the Cu/Cu(100) growth
model there are 8 possible barriers and/or event-types
corresponding to a binary tree of order 3.) After each
event the lists containing the number and location of all
regular KMC processes of each type are updated along
with any changes to the neighborhood (e.g. absorption
sites, length of the edge and type of boundaries) of all
FPT atoms. We note that in the case of an FPT move,
Eq. 2 is used to determine to which absorption site the
edge-di user will \escape".

IV. RESULTS

We rst consider the application of our FPT KMC
method to the irreversible fcc(100) growth model de-
scribed in Sec.ll. We note that in these simulations
a system sizeL = 256 was used, while the rates for
monomer interlayer and intralayer di usion, single-bond

edge-di usion, and corner-rounding were assumed to be
the same as for the EMT model (see Tablel) at the
corresponding temperature. Figs.9(a) and (b) show a
comparison between regular KMC and FPT KMC results
for the surface roughness or \width" (e.g. r.m.s. height
uctuation) as a function of Im thickness obtained at
T =200 K and 250 K, while a comparison between the
corresponding morphologies atT = 200 K and a cov-
erage of 20 ML is shown in Fig. 10. As can be seen,
there is excellent agreement between the KMC and FPT
KMC simulation results. Similar good agreement (not
shown) has also been obtained for the lateral correlation
length r. (corresponding to the rst zero-crossing of the
circularly-averaged height-height correlation function) as
well as for the circularly-averaged height-height correla
tion function G(r). In addition (see Table 1), the FPT
KMC simulations at 200 (250) K are approximately 48
(75) times faster than the corresponding KMC simula-
tions. However, due to the fact that the rate of corner
di usion also increases with increasing temperature, the
increase in the speed-up factor from 200 to 250 K is not
as large as the increase in the rate of edge-di usion.

FIG. 9: Comparison of regular KMC results (symbols) and
FPT KMC results (lines) for surface roughness obtained from
simulations of irreversible growth models at 200 K and 250
K.

We now consider the SOS model described in Sed..
As for the generic fcc model, the rates of monomer inter-
layer and intralayer di usion, single-bond edge-di usion,
and corner-rounding were assumed to be the same as
for the EMT model of Cu/Cu(100) growth at the corre-
sponding temperature. Figs.9(c) and (d) show a compar-
ison between the roughness obtained from regular KMC
and FPT KMC simulations of this model at T =200 K
and 250 K while Figs.10(c) and (d) show the correspond-



FIG. 10: Comparison of surface morphology (L = 256) ob-
tained in regular KMC (a) and FPT KMC (b) simulations of
\generic" fcc model at coverage of 20 ML and regular KMC
(c) and FPT KMC (d) simulations of SOS model at 30 ML.

ing morphologies at a coverage of 30 ML aT = 200 K. As
can be seen, there is excellent agreement for both the sur-
face roughness and the surface morphology. In addition,
as for the fcc growth model, good agreement (not shown)
has also been obtained for the lateral correlation length.
We note that in this case (see Tablell) the speed-up fac-
tors are not quite as large as for the generic fcc growth
model, but also increase with increasing temperature.

TABLE I: Parameters used for \generic" fcc(100) and SOS
models. HereD is the total rate for monomer di usion, while
D. and D are the rates or edge-di usion and corner-di usion
respectively.

Temperature D=F De=F D.=F
200 K 2.8 10° 16 1C¢° 55 10°
250 K 40 10° 19 10° 32 10°

We now consider the application of our FPT KMC
method to simulations of Cu/Cu(100) growth using our
EMT model. We rst consider growth at 200 K, since
at this temperature there is negligible one-bond and two-
bond detachment. As can be seen in Figll(a), there
is very good agreement between the FPT KMC results
(line) and regular KMC results (symbols) for the sur-
face roughness. As shown in Figll(b), similarly good
agreement has also been obtained for the lateral correla-
tion length. As indicated by Figs. 12(a) and (b), there
is also very good agreement between the morphology ob-
tained using FPT KMC and that obtained using regular

FIG. 11: Comparison of regular KMC (symbols) and FPT

KMC (lines) results for surface roughness and lateral correla-
tion length ( r¢) obtained in simulations using EMT model of
Cu/Cu(100) growth at 200 K.

FIG. 12: Comparison of surface morphology (L = 256) ob-
tained in regular KMC (a) and FPT KMC (b) simulations of
EMT model of Cu/Cu(100) growth at coverage of 60 ML.

KMC. In addition, in this case the use of FPT leads to a
speed-up of approximately 32 (see Tablél) over regular
KMC. ** We note that as discussed in Sec. Il, in both our
regular KMC and FPT KMC simulations of the EMT
model, the rate of two-bond edge-di usion was reduced
by a factor of 10 to save computer time, since two-bond
edge-di usion has almost no e ect on the surface mor-
phology. However, for comparison we have also carried
out simulations at 200 K with two-bond edge-di usion
completely suppressed. While this has little e ect on the
surface morphology, in this case the speed-up due to FPT



is even larger (approximately 60).

FIG. 13: Comparison of regular KMC (symbols) and FPT
KMC (lines) results for surface roughness obtained in simu-
lations using EMT model of Cu/Cu(100) growth at 250 K.

Finally, we consider our EMT model of Cu/Cu(100)
growth at 250 K. As can be seen in Fig13there is again
very good agreement between our FPT KMC simulations
and regular KMC simulations. However, due to the in-
creased rates of double-bond edge-di usion and corner-
rounding, in this case the speed-up factor (see Table II)
is not quite as large as at 200 K.

TABLE II: Speed-up factors (compared to regular KMC)
obtained in FPT KMC simulations of multilayer growth at

T = 200 and 250 K using di erent models with Cu parame-
ters.

Model 200 K 250 K
fcc 48 75
SOS 27 58
EMT 32 24

V. DISCUSSION

Motivated by the observation that in KMC simulations
of growth models with fast edge-di usion, a great deal
of computer time is wasted on repetitive edge-di usion
events, we have developed a rst-passage-time (FPT)
method for accelerating KMC simulations. We note that
while our method applies strictly only to irreversible
growth (e.g. no detachment of monomers from islands)
because of the relatively low detachment rate we have
successfully applied it to models of reversible Cu/Cu(100)
growth at 200 and 250 K. In our method, the detailed
computation of edge-di usion events is replaced by a
calculation of the mean rst-passage-time for an edge-
di user to be “absorbed', either by attaching to another
atom near the edge, or by corner-rounding. Accordingly,
we have mapped the process of edge-di usionto a 1D ran-
dom walk between two partially absorbing boundaries.

8

The corresponding FPT expressions for an isolated edge-
di user were then obtained by using known expressions
for the escape probabilities and mean rst-passage-times
for a 1D random walker, and also including corrections
due to the di erence in hopping rate near a corner and
along an edge.

By using these expressions and also taking into ac-
count the interactions between an edge-di user and other
atoms, we have obtained excellent agreement between our
FPT KMC simulations and regular KMC simulations in
both the submonolayer and multilayer regime for a vari-
ety of di erent growth models. These include an EMT
model of Cu/Cu(100) growth as well as simpler models of
irreversible growth including a generic fcc model and an
SOS model. In addition, despite the additional computa-
tional overhead required to keep track of the interactions
between an edge-di user and other atoms, we have found
a signi cant speed-up in our FPT KMC simulations com-
pared to regular KMC simulations. For example, in our
EMT model simulations of Cu/Cu(100) growth at 200
and 250 K, we have obtained speed-up factors of 32 and
24 respectively. We note that the decrease in the ac-
celeration factor as the temperature is increased from
200 K to 250 K is due to the increase in both the rate
of corner-rounding and kink-detachment with increasing
temperature.

In FPT KMC simulations of a generic fcc model
with the same parameters for monomer di usion, edge-
di usion, corner-rounding, and interlayer di usion as in
our EMT model, we have obtained even larger speed-
up factors (e.g. 50 at 200 K and 75 at 250 K). Similar
speed-up factors have also been obtained for the corre-
sponding SOS model at 200 and 250 K. The larger ac-
celeration obtained for these models is in part due to the
fact that compared to the EMT model, in these models
edge-di usion plays an even more dominant role. Simi-
larly, the increase in the FPT acceleration factor with in-
creasing temperature is due to the increase in the rate of
edge-di usion. However, the barrier for corner-rounding
also plays an important role. In particular, we expect
that even larger acceleration factors may be obtained in
the case of a larger corner-rounding barrier. As a test of
this, we have carried out additional FPT KMC simula-
tions of our generic fcc model atT = 250 K using a bar-
rier for corner rounding which is 0:1 eV higher than the
value (0:35 eV) used in the EMT model of Cu/Cu(100)
growth. In this case, due to the higher barrier for corner
rounding the speed-up factor was almost doubled from
75 to 140.

In addition to deriving expressions for the appropriate
absorption probabilities and mean rst-passage time as
discussed in SecllIB 1, we have also derived expressions
for the conditional rst-passage time (see Appendix B).
However, we found that the use of a mean rst-passage
time rather than a conditional rst-passage time (CFPT)
provides signi cantly better agreement with KMC sim-
ulations. In addition, we nd that CFPT KMC simu-
lations are several times slower than the corresponding



FPT KMC simulations, due at least in part to the more
complicated expressions required to calculate the condi-
tional FPT. Accordingly, here we have focused on FPT
KMC simulations and have not presented any conditional
FPT KMC results.

We note that the inclusion of interactions between an
edge-di user and other atoms turns out to be crucial in
using our FPT method to obtain accurate results. This
includes the interaction with other edge-di users on the
step-edge or a nearby step-edge, and with monomers ap-
proaching the step-edge from above and below. In par-
ticular, the interaction with another edge-di user was in-
cluded by treating the other edge-di user as a “kink' atom
and dividing the FPT by a factor of two to take into ac-
count the relative motion of both edge-di users. We have
also assumed that by the time another atom approaches
a step-edge on which there is already an edge-di user,
this edge-di user is already “equilibrated’. This is done
by randomly relocating the edge-di user along the edge
before re-calculating the corresponding FPT. While this
“equilibration' assumption does not strongly a ect the
surface roughness, it turns out to be crucial in obtaining
good agreement with the surface morphology observed in
regular KMC simulations.

Since the FPT method requires signi cant overhead, in
both our KMC and FPT KMC simulations we have taken
care to maximize the e ciency. For example, in both
cases binary trees were used to select the next event. In
addition, in both KMC and FPT KMC simulations the
regular KMC events were organized into lists of di erent
types in order to minimize the size of the corresponding
binary tree. Nevertheless, signi cant additional overhead
was still required in our FPT KMC simulations to keep
track of the interactions between an edge-di user and
other atoms. If in the future a more e cient method
is devised to take these interactions into account then
this could signi cantly increase the speed-up possible via
FPT KMC simulations.

Since the implementation of our FPT KMC method
is also relatively complex, it is of interest to compare
it with simpler although perhaps less accurate methods.
For example, one possible method to accelerate simula-
tions with fast repetitive events, is to arti cially reduce
the rate of these events by a factor ofR where R < 1.
However, while this can lead to a speed-up of up to a
factor of 1=R, care must still be taken to ensure that de-
tailed balance is maintained. For the models considered
here which have a relatively short range of interaction,
this can be done by using “edge-reduction’, i.e. reduc-
ing the rate of edge-di usion for all singly-bonded edge-
di users which are more than one hop away from a kink
or other attachment site.>®

Fig. 14 shows a comparison between the results of reg-
ular KMC simulations using the EMT model at T =200
K and KMC simulations carried out using di erent edge-
reduction factors ranging from R = 1:0 (no reduction)
to R =0:01. Also shown for comparison are results ob-
tained using FPT KMC. As can be seen, while there is

FIG. 14: Dependence of surface roughness on edge-reduction
factor R obtained in regular KMC simulations of EMT model
of Cu/Cu(100) growth at 200 K.

good agreement between the KMC and FPT KMC sim-
ulations, the results obtained with R = 0:1 and 001 de-
viate signi cantly from the KMC results at large thick-
nesses. In addition, the FPT KMC simulations are ap-
proximately 4 times faster than the edge-reduction sim-
ulations with R = 0:1 and are also approximately as fast
as the edge-reduction simulations withR = 0:01. Thus
our FPT KMC method provides a more accurate and
e cient way to accelerate KMC simulations with fast
edge-di usion.

Finally, we note that one possible limitation of our
method involves the issue of detachment of an edge-
diuser from a step-edge. In particular, while the ef-
fects of detachment are partially taken into account in
our method (since the process of detachment is simu-
lated using regular KMC) the expressions for the FPT
of an edge-di user to be absorbed at a nearby kink or
corner site are based on the assumption of negligible de-
tachment. However, in the presence of detachment the
correct mean FPT will be somewhat less than predicted
by Eq. 3. Therefore, in order to carry out FPT KMC
simulations with signi cant detachment it would be de-
sirable to extend our FPT expressions to take detachment
into account.
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APPENDIX A: DERIVATION OF EQ. 8

Consider a random walk on the interval [Q L] with par-
tially absorbing boundaries (see Fig.4). , and | are
the absorption probabilities at the boundary sites while

0=(1 0)=pand | =(1 L)= L. We rst con-

sider the quantity h, (x;L) (see Eq. 8b) corresponding
to the number of times (excluding the last time) the
walker reaches the right boundary atL before it is ab-
sorbed at the right boundary. To simplify our notation

we de ne the quantity Q_(x) = PL(x;L 1; o;1) (see
Eq. 2) corresponding to the probability that a particle

initially at x reaches siteL at least once. Similarly,
Qu(L 1) = PL(L LL 1; o;1) is the probability

that a particle initially at L 1 reaches siteL at least
once. One may then write,

I:)1
P ol na ot
hOeL)= P o oo Da o T ¢
(A1)
|
Qo(x)(1

hL(x;0) =

P
0)(1  Qo(1) 5o niQo(1)(1
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Here the factor of Q. (x) in each sum corresponds to
the probability that the particle reaches L the rst

time, while the expression with exponentn 1 corre-
sponds to the probability that it is re ected from L and
then returns to L, n 1 times. The factor of | in

each sum corresponds to the probability that it is ab-
sorbed at L the last time, while 1 is subtracted since
the last time is excluded. Using Eq. 2 one obtains,
Qu(x) = PL(xL L ;)= {72 andQu(L 1) =

Po(L LL 1 ¢;1) = 57==°. Substituting and us-

ing the formula for an in nite geometric series leads to
Eq. 8h.

Next we consider the quantity h, (x; 0) (see Eq.8a)
corresponding to the number of times the walker reaches
the left boundary at O before it is absorbed at the right
boundary. In this case one may write,

ol" *

1 Qo(x)+ Qo(x)(1

where Qo(x) = Po(x 1;L 1;1; ) is the probability
that a walker initially at site x will reach site 0 at least
once. Here the factor ofQg(x) in the numerator corre-
sponds to the probability that a walker initially at site x
will reach site 0 at least once while the factors of 1
correspond to the probability that it is re ected every
time. The factors of Qp(1) in the summation correspond
to the probability that the walker reaches the left bound-
ary after being re ected from site 0, while the extra factor
of 1 Qo(1) corresponds to the probability that after n 1
re ections the walker is absorbed at the right boundary.
The denominator is similar except for the absence of a
weighting factor of n, as well as an additional 1 Qq(X)
term corresponding to the probability that the walker
does not reach the left boundary even once. Using EQR

one obtains, Qo(x) = Po(x 1L L1, )= LL:”LL
and Qo(1) = Po(O;L 11 1) = 7"~ Substitut-

ing and using the formula for an in nite geometric series
leads to Eq. 8b.

APPENDIX B: CONDITIONAL FIRST PASSAGE
TIMES

While we have used Eq.3 for the unconditional mean
FPT n(x) for a random walker initially at site x to be
absorbed at either boundary in our FPT KMC simula-
tions, it is also interesting to consider the conditional

01 Qo(1) - [Qu(M)(@

o] ! (A2)

rst-passage time (CFPT) corresponding to the average
number of hops before a particle is absorbed at ape-
cic boundary, i.e. ng(x) (np(x)) corresponding to the
average number of hops before a particle is absorbed at
site O (L). As mentioned in Sec.lll A , the CFPT expres-
sions for a 1D random walker derived in Ref.17 do not
satisfy the probability conservation condition Eq. 4 due
to an error in the boundary conditions. Here we present
an outline of the derivation using the correct boundary
conditions.

We rst dene the quantities Mo(X) =
Po(X;L; o; L) No(x) and mg (x) =
PL(x;L; o; L) nL(x) which satisfy the recursive
relation,

1 1
SMo(x+1)  mo(x)+ smo(x  1)= Po(XLi o 1)

(B1)
with boundary conditions,
1
mo(1) = —Omo(O) Po(O;L; o; L) (B2
1
mo(L 1): —Lmo(L) Po(L;L; 0, |_) (B3)

Solving Egs.B1, B2, and B3 recursively we get a unique
expression formg(x). Dividing by Po(X;L; o; L) we ob-
tain,



where ()

1 h

nO(X) = m X X

(L+2 )(L?+3L

L an expression forn, (x) may also be obtained,

We note that these expressions satisfy the probability

a ~ W N L

(2]

10

11

12

13

14

15

16

h

= x) (L

3x+ —

L
.

ne(x) = x)?

3(L +

1)+(L+ )(L?+2). Replacing x by L

3L+ o (L

11

L o) (1)
L+ ot 1)

x in Eg. B4 and interchanging ( and

L)X (B4)

'L x+ ) (o)

1
(L+ o+ L)

X)

(BS)

conervation condition Eq. 4.
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