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Dynamical scaling behavior in two-dimensional ballistic deposition with shadowing
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The dynamical scaling behavior in two-dimensional ballistic deposition with shadowing is studied as a
function of the angular distribution of incoming particles and of the underlying lattice structure. Using a
dynamical scaling form for the surface box number, results for the scaling of the surface fractal dimension are
also presented. Our results indicate that, in addition to the usual self-affine universality class corresponding to
vertical deposition, there exist at least two additional universality classes characterized by distinct values of the
coarsening and roughening exponentsp andb describing the evolution of the lateral feature size and surface
roughness with film thickness, as well as the surface fractal dimensionD f . For the case of a uniform angular
distribution corresponding to an anisotropic flux, we findp5b51 andD f.1.7. However, for ballistic depo-
sition with an isotropic flux~corresponding to a ‘‘cosine’’ angular distribution!, we find p.2/3 andD f.1.5
while the effective roughening exponentb.0.52–0.64 was found to be slightly lattice dependent. In both
cases, anomalous scaling of the height-height correlation function is also observed. In contrast, vertical depo-
sition leads to a self-affine surface withp52/3, b51/3, andD f51. The asymptotic scaling behavior appears
to depend on the behavior of the angular distribution at large angles but does not depend on other details. An
analysis that clarifies the relationship between the launch angle distribution used in the simulations and the flux
distribution is also presented.

DOI: 10.1103/PhysRevE.66.021603 PACS number~s!: 81.15.Aa, 68.55.2a, 05.10.Ln, 81.15.Cd
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I. INTRODUCTION

The evolution of the surface morphology during t
growth and deposition of thin films has been a subject
intense interest for the last few years@1,2#. As a result, a
variety of simple models have been studied. One examp
the ballistic deposition model@2,3# that corresponds to th
irreversible ‘‘sticking’’ of particles to the growing film. Bal-
listic deposition with vertical deposition has been extensiv
studied @2#, and is known to lead to a self-affine surfa
morphology whose scaling behavior corresponds to
Kardar-Parisi-Zhang~KPZ! equation@4#. In two dimensions,
the corresponding scaling exponents are known exactly t
a51/2, b51/3, andp52/3, wherea is the roughness ex
ponent corresponding to the dependence of the sur
roughness or rms surface widthw on lateral length scaleL
~i.e., w;La), the exponentb describes the growth of th
surface roughnessw with time ~i.e., w;tb), and p is the
coarsening exponent corresponding to the growth of the
eral surface correlation length or feature sizej ~i.e., j;tp).

While vertical deposition leads to a self-affine surfac
deposition with a distributionP(u) of deposition angles with
respect to the substrate normal leads to an instability kno
as the shadow instability@5,6#. The shadow instability is due
to the fact that parts of the surface that ‘‘stick out’’ ma
shadow nearby points, thus retarding their growth. In
case of low-temperature sputter deposition of amorphous
polycrystalline thin films, the shadow instability is known
play a significant role in determining the surface morpholo
@7–10#. As a result, the effects of the shadow instability
the surface morphology have been extensively studied
variety of continuum and discrete models@5,6,11–23#. In
particular, for the case of two-dimensional ballistic depo
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tion with particles launched~sequentially! from a ‘‘fixed’’
height above the surface with a uniform angular distributio
discrete off-lattice simulations by Tang and Liang@19#
yielded an effective value of the roughening exponentb
.0.7, whose value appeared to be approaching 1. Howe
as shown in the Appendix and discussed in Sec. II~see also
Ref. @23#! such a uniform ‘‘launch angle’’ distribution doe
not correspond to an uniform flux of particles above the s
face but rather to a nonuniform flux distributionJ(u)
;1/cos(u), where u is the angle between the direction o
incidence and the substrate normal. Similar results~i.e., p
5b51) have also been obtained by Yaoet al. @17# from
numerical integration of the two-dimensional KPZ equati
~which includes the effects of surface tension, noise, a
sideways growth! in the presence of shadowing with a sim
lar flux distribution@24#.

We note, however, that for sputter deposition, the angu
distribution of atoms sputtered from the target is not ty
cally uniform but in many cases may be approximated b
‘‘cosine’’ distribution @22,25#. Assuming a low gas/plasm
pressure, so that collisions with the gas can be neglec
such a distribution implies anisotropic flux of particles ar-
riving at the surface~see the Appendix!. Such an isotropic
flux distribution is also expected in the case of low-press
chemical vapor deposition@23#, as well as in the case o
sputter deposition at high gas pressure due to the collis
of particles with the gas. However, the scaling behavior
ballistic deposition in the presence of such an isotropic fl
has not been studied.

In this paper we present results for the scaling behavio
the surface morphology for the case of two-dimensional b
listic deposition with an isotropic flux distribution, as well a
for an anisotropic flux@J(u);1/cos(u)# corresponding to a
uniform launch angle distribution above the surface. In ad
tion, using a dynamical scaling form, we present results
the dynamical scaling of the surface fractal dimension. O
©2002 The American Physical Society03-1
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JIANGUO YU AND JACQUES G. AMAR PHYSICAL REVIEW E66, 021603 ~2002!
results indicate that, in addition to the usual self-affine u
versality class corresponding to vertical deposition, in
presence of shadowing there exist at least two additional
tinct universality classes. The scaling behavior in each u
versality class is independent of the lattice microstructure
other details but depends on the angular distribution.

II. MODEL

In order to study the dependence of the surface morp
ogy and scaling behavior on the lattice geometry, we h
studied ballistic deposition on two different lattices, a squ
lattice and a triangular lattice. In both cases, the deposi
particles were released from a random position along a
of the same lengthL as the substrate, which was parallel
the substrate but above the highest point of the surface,
the appropriate angular distributionP(u) where u is the
angle between the substrate normal and the direction o
cidence~see Fig. 1!. As shown in the Appendix, the angula
dependence of the resulting fluxJ(u) may be simply related
to the launch angle distributionP(u) using the relation

J~u!;P~u!/cos~u!. ~1!

Thus a uniform launch angle distributionP(u); const cor-
responds to an anisotropic flux distributionJ(u);1/cos(u)
while a cosine launch angle distributionP(u);cos(u) corre-
sponds to an isotropic flux. For the case of a uniform angu
distribution, one hasP(u)51/p for 2p/2<u<p/2 and
P(u)50 otherwise, and the deposition angle was random
selected with the appropriate weight using the expressiou
5p(r 21/2), wherer is a uniform random number betwee
0 and 1. For the case of an isotropic flux corresponding
cosine launch angle distribution, one hasP(u)5 1

2 cosu for
2p/2<u<p/2 andP(u)50 otherwise, and the depositio
angle u was determined using the expressionu5arcsin(2r
21) where againr is a uniform random number between
and 1.

In the case of a square lattice, two different models w
studied—a ‘‘box’’ model@see Fig. 1~a!# and a square-lattice
‘‘disk’’ model @see Fig. 1~b!#. In the box model, particles ar
assumed to travel ballistically~off lattice! until they enter a
box that is a nearest neighbor to an occupied site. Once
occurs the corresponding box is occupied@see Fig. 1~a!#. In

FIG. 1. Schematic showing ballistic deposition models studi
~a! square-lattice box model,~b! square-lattice disk model, and~c!
triangular-lattice disk model. Arrows indicate particle trajectory a
shaded squares~circles! indicate final sticking sites. Open circles i
~b! and ~c! indicate potential sticking sites.
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the square-lattice disk model, the particles are assumed t
disks of uniform radius and again follow a ballistic off-lattic
trajectory until contacting the surface. The depositing p
ticle is then moved to the lattice position nearest to the po
of contact. In the triangular lattice simulations a disk mod
was also used but after reaching the surface the parti
were moved to the nearest unoccupied site on a triang
lattice @see Fig. 1~c!# corresponding to a site with one o
more occupied nearest neighbors. In this case, two diffe
models, a ‘‘one-bond’’ model and a ‘‘two-bond’’ model wer
studied. In the one-bond model the depositing particle w
moved to the nearest lattice site regardless of the numbe
bonds, while in the two-bond model the particle was mov
to the nearest lattice site with at least two nearest-neigh
bonds. In all cases, the initial condition was a flat substra

In order to study the dependence of the surface morp
ogy on the angular distribution a variety of quantities we
measured as a function of average film height^h&. These
included the root-mean-square~rms! height fluctuations of
the surface or surface widthw5^(h2^h&)2&1/2 @whereh(x)
is the maximum height of the surface at positionx along the
substrate# as well as the height-height correlation functio
G(x)5^h̃(0)h̃(x)&, whereh̃(x)5h(x)2^h& and the height-
difference correlation functionG2(x)[^(h(x)2h(0))2&
were calculated. The typical lateral surface correlation len
j was determined by calculating the value ofx corresponding
to the first zero crossing ofG(x) @26#. From the dependenc
of the correlation lengthj on film thickness the coarsenin
exponentp, wherej;^h&p, was determined. Similarly the
surface widthw was used to determine the roughening exp
nentb wherew;^h&b.

In order to characterize the surface morphology
roughness exponenta, where G(r );r 2a and the surface
fractal dimensionD f were also determined. In addition, th
cluster size or ‘‘tree’’ distribution@27# n(s) corresponding to
the number of clusters of sizes was also measured. As i
previous work on related models@27,30#, we identify all
newly deposited particles that attach to the substrate in
first layer and which have no neighbors in that layer, as c
responding to seed particles for a new cluster. Any part
attaching to a given seed or cluster is assigned to that clu
In the case in which a newly deposited particle simul
neously attaches to two or more different clusters, then
cluster to which it is assigned is randomly chosen.

In order to minimize finite-size effects, which are partic
larly strong due to shadowing for the case of a uniform a
gular distribution, both periodic boundary conditions a
very large system sizes were used, while typically 1000 l
ers were deposited. To allow simulations of such large s
tem sizes and film thicknesses, a ‘‘bit’’ packing technique~in
which one 16-bit word represented 16 different lattice sit!
was used in order to conserve memory.

III. RESULTS

A. Uniform launch angle distribution

Figure 2 shows our results for the surface coarsening
roughening behavior as a function of film thickness for t

:
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DYNAMICAL SCALING BEHAVIOR IN TWO - . . . PHYSICAL REVIEW E 66, 021603 ~2002!
case of ballistic deposition with a uniform angular distrib
tion P(u) using the square-lattice box model. As can
seen, in this case both the roughening exponentb and the
coarsening exponentp are approximately equal to 1. Thes
results are consistent with the off-lattice simulation results
Tang and Liang@19# who foundb50.7 but which seemed to
be increasing with increasing film thickness. Interesting
the resultp51 also agrees with recent theoretical predictio
for the ‘‘grass’’ model @18# corresponding to growth of a
random substrate with a uniform angular distribution in t
absence of noise, even though there is no sideways grow
this model. As already noted, this result is also in agreem
with numerical integration results@17# for the KPZ equation
with shadowing and a uniform angular distribution@24#. The
large values ofb andp obtained in these models are clear
due to the very large flux@J(u);1/cos(u)# at large angles of
incidence with respect to the substrate normal.

B. Cosine launch angle distribution

We now consider the scaling behavior of the surface m
phology for the case of ballistic deposition with a cosi
angular distribution which corresponds to an isotropic fl
J(u)5const for2p/2,u,p/2 andJ(u)50 otherwise. As
shown in Fig. 3 for the box model, in this case we fi
significantly smaller values for the corresponding expone
i.e., p.b.2/3. As an independent estimate of the coars
ing exponentp, we have also measured the dependence
the densityr of ‘‘surface’’ clusters on the average film heigh
^h&, where a surface cluster is a nearest-neighbor conne
cluster ~as defined in Sec. II! which contains at least on
particle at the surface of the film. Since 1/r is the average
lateral surface cluster size, we expect thatr;1/j;^h&2p.
As can be seen in Fig. 4, the resulting value for the coars
ing exponentp.0.69 agrees well with that obtained in Fig.
using the height-height correlation function. Similar resu
~i.e. p.b.2/3) have also been obtained~see Fig. 5! for the
square-lattice disk model with a cosine angular distribut

FIG. 2. Surface widthw and lateral feature sizej as functions of
average film thicknesŝh& for the square-lattice box model with
uniform angular distribution (L532 768).
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although in this case the effective roughening exponenb
.0.64 appears to be somewhat lower than the coarse
exponentp.

In order to investigate the lattice dependence of the co
ening and roughening behavior in the case of a cosine di
bution, we have also carried out simulations using the tri
gular lattice disk model for both the one-bond and two-bo
cases. As can be seen in Fig. 6, in both cases we again
p.2/3 that is in good agreement with our results for t
square-lattice box and disk models. However, the co
sponding values for the roughening exponentb.0.55
60.03 are somewhat smaller. While this may indicate t
the asymptotic growth exponentb is weakly lattice depen-
dent, it is more likely due to a significantly slower crossov
to the asymptotic value for the triangular lattice.

C. Cluster-size distribution exponentt

In order to determine the cluster-size distribution exp
nentt @wheren(s);s2t is the number of clusters of sizes#
for the case of an isotropic flux, we have measured
cluster-size distribution for a cosine angular distribution~box
model!. As can be seen in Fig. 7, the value oft ~i.e., t
.7/5) is the same as for the case of vertical deposition@28#
and is consistent with the scaling prediction@28,29#, t52
2@1/(11p)# with p52/3. We note that the resultt.3/2
obtained in Ref.@19# for a uniform angular distribution is
also consistent with this scaling relation withp51 as ob-
tained in our simulations.

D. Dynamic scaling of the surface-fractal dimension

Figure 8 shows typical morphologies for small syste
size (L5256) obtained for the~two-bond! triangular-lattice
disk model for the cases of~a! vertical ballistic deposition,
~b! deposition with a cosine distribution corresponding to
isotropic flux, and~c! deposition with a uniform angular dis
tribution after 40 ML have been deposited. Similar pictur
have also been obtained for the square-lattice disk model
the box model. In all cases the resulting films are ‘‘com
pact,’’ as indicated by the linear relation between the num
of deposited layers and the average film height^h& @31#.

FIG. 3. Same as Fig. 2 but for cosine distribution.
3-3
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JIANGUO YU AND JACQUES G. AMAR PHYSICAL REVIEW E66, 021603 ~2002!
However, as can be seen in Fig. 8, as the ‘‘width’’ of t
angular distribution increases, the resulting films beco
‘‘rougher’’ and more ‘‘open’’ in structure. In particular, th
many ‘‘valleys’’ and ‘‘fjords’’ of different sizes in the case o
an cosine or a uniform distribution suggest that in the pr
ence of shadowing the film surface itself may be fractal.

In order to quantitatively characterize the surface m
phology as a function of film thickness, we have calcula
the surface fractal dimensionD f for both a uniform angular
distribution and a cosine distribution using the box-count
method@1,32# along with the assumption of dynamical sca
ing @33#. For a surface that is roughening during growth, o
expects that the range of length scales over which fra
behavior may be observed should increase with film thi
ness as the typical lateral feature size, i.e., asj;tp. If N( l ,t)
corresponds to the number of boxes of sizel and dimension
d11 containing a surface particle at timet, then one expects
N( l ,t); l 2D f for l !j(t) and N( l ,t); l 2d ~where d51 is
the dimension of a flat surface! for l @j(t). Combining these
observations with the assumption of scaling leads to the
lowing dynamical scaling form for the surface box numb

FIG. 4. Surface cluster densityr as a function of film thickness
for the square-lattice ‘‘box model’’ and a cosine distribution.

FIG. 5. Surface widthw and lateral feature sizej as functions of
film thickness^h& for the square-lattice disk model with a cosin
angular distribution (L5131 072).
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N( l ,t) as a function of box sizel and film thickness or
time t:

N~ l ,t !5t2dpf ~ l /tp!, ~2!

where the dynamic scaling functionf (u) satisfies f (u)
;u2d for u@1 and f (u);u2D f for u!1.

Figure 9 shows our results for the dynamic scaling fun
tion f (u) obtained using the square-lattice box model
both angular distributions.@Note that in Figs. 9 and 10,N( l )
is actually the number of boxes of sizel divided by the
system sizeL where eitherL5655 36 orL5131 072.# In
both cases there is excellent scaling. For the case of a
form angular distribution we findD f.1.7, while for the case
of a cosine distribution corresponding to a uniform flu
above the surface we findD f.1.5.

In contrast, for the case of vertical deposition~not shown!
while the surface appears to be fractal over short len
scales, the range of box sizes over which fractal scaling m
be observed does not increase with film thickness, and so

FIG. 6. Surface width and lateral feature size as functions
film thickness for the triangular-lattice model with a cosine angu
distribution (L5262 144). Open symbols correspond to the on
bond model~1b! while filled symbols correspond to the two-bon
model ~2b!.

FIG. 7. Cluster-size distributionn(s) for the square-lattice box
model with cosine distribution after 1000 layers have been dep
ited (L516 384, 40 runs!.
3-4
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DYNAMICAL SCALING BEHAVIOR IN TWO - . . . PHYSICAL REVIEW E 66, 021603 ~2002!
surface is self-affine@2#. Thus, even though the value of th
coarsening exponent is essentially the same (p.2/3) for
both vertical deposition and the cosine distribution, the
sine distribution leads to a fractal surface while vertic
deposition does not. Figure 10 shows similar results for
case of a triangular lattice with a cosine distribution for bo
the one-bond model and the two-bond model. In this ca
one again hasD f.1.5 for a cosine distribution. This sug
gests that the surface-fractal dimensionD f is in fact univer-
sal, i.e., independent of the lattice geometry for a given
gular distributionP(u).

E. Anomalous dynamical scaling and multiscaling

In order to further investigate the surface morphology
have also measured the surface roughness exponenta for
both a cosine distribution and a uniform distribution. Figu
11 shows the height-difference correlation functionG2(r ) at
two different coverages for both the square-lattice box mo
and the triangular-lattice model for both distributions. As c
be seen, the effective roughness exponenta.1/2 @34# is
significantly smaller than the valuea.1 predicted by the
usual Family-Vicsek scaling relation@33# a5b/p, thus indi-
cating anomalous scaling@35–37#. The existence of anoma
lous scaling is further confirmed by the dependence of
height-height correlation functionG2(r ) on film thickness
even for smallr and is likely due to the fractal nature of th
surface, which leads to overhangs and results in large dis
tinuities in the maximum surface height as a function
position.

The existence of anomalous scaling also suggests the
sibility of multiscaling@38#. In order to investigate this pos
sibility, we have also calculated the generalized roughn
exponentan where Gn(r )5^@h(r )2h(0)#n&;r nan for the

FIG. 8. Typical morphologies obtained in triangular-lattice di
model simulations after 40 ML have been deposited (L5256): ~a!
vertical deposition,~b! cosine distribution, and~c! uniform distribu-
tion.
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square-lattice box model with a cosine distribution. As c
be seen in Fig. 12, the strong dependence ofan on n indi-
cates strong multiscaling behavior that is again due to
fractal nature of the surface.

IV. DISCUSSION

We have studied the dynamic scaling behavior of the s
face in two-dimensional ballistic deposition with shadowi
as a function of both the angular distributionP(u) and the
underlying lattice structure. Our results demonstrate the
istence of at least two distinct universality classes in addit
to the usual self-affine universality class (a51/2,b51/3,p
52/3) corresponding to vertical deposition. In particular f
the case of a uniform angular distribution, we foundp.b
.1 ~square-lattice box model!. This result is consistent with
earlier off-lattice simulations by Tang and Liang@19#. The
resultp51 also agrees with recent theoretical predictions
the ‘‘grass’’ model@18# corresponding to growth with a uni
form angular distribution in the absence of noise, ev
though there is no sideways growth in this model. Thus
appears that for the case of a uniform distribution in tw
dimensions, the scaling exponentsp andb are universal, i.e.,
independent of the underlying lattice structure. As alrea

FIG. 9. Surface-fractal-dimension dynamic scaling functi
f ( l /tp) for the square-lattice box model with~a! cosine angular
distribution and~b! uniform angular distribution.
3-5
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JIANGUO YU AND JACQUES G. AMAR PHYSICAL REVIEW E66, 021603 ~2002!
noted, such a distribution corresponds to an anisotropic
distributionJ(u);1/cos(u) and the large values ofb andp
are due to the large flux at high angles of incidence. We n
that these results do not agree with the dimensi
independent predictionp53/4 obtained by Tanget al. @11#
for coarsening in the presence of noise. The discrepanc
most likely due to the neglect of shadowing in these ar
ments.

In contrast, for a cosine angular distribution, correspo
ing to a uniform flux above the surface, we foundp.2/3
independent of the lattice studied. These results indicate
for a given angular distributionP(u), the coarsening expo
nent is universal and does not depend on the details of
system. Similarly, the measured values for the effective s
face roughening exponentb were found to be significantly
different than for a uniform distribution. For the squar
lattice box model and disk models, we foundb.p.2/3.
However, for the triangular-lattice models the effecti
roughening exponentb was found to be slightly lower, i.e.
b.0.52–0.57. While this may indicate that the asympto
growth exponent is weakly lattice dependent, it is mo
likely due to a significantly slower crossover to th
asymptotic value for the triangular lattice.

We note that the existence of distinct universality clas
for coarsening is consistent with the ‘‘Huygen’s principle
picture of Tanget al. @11#, which indicates that microscopi

FIG. 10. Surface-fractal-dimension dynamic scaling funct
f ( l /tp) for the triangular-lattice disk model with a cosine angu
distribution for~a! the one-bond model and~b! the two-bond model.
02160
x

te
-

is
-

-

at

he
r-

c
e

s

details do not affect the lateral coarsening behavior. Ho
ever, this leaves open the question of how the coarsen
exponent depends on the angular distribution. We note
Krug and Meakin@18# have shown that for the determinist
‘‘grass’’ model with random initial conditions, one hasp
51 for V(p2u);(p2u)x if x<1 whereV(u) is the local
growth rate as a function of exposure angleu. In analogy to
this work, we conjecture that depending on the behavior
P(u) for large u, either the KPZ universality class (p
52/3,D f51) or the cosine universality class (p52/3,D f
53/2) or the uniform universality class (p5b51,D f.1.7)
will be selected. As a test of this conjecture, we have a
carried out simulations for the triangular-lattice~one-bond!
disk model with an angular distributionP(u) that decays
linearly to zero at u56p/2 @i.e., P(u)5(2/p)(1
22uuu/p)] and obtained scaling exponents (p.2/3, D f
.3/2) in good agreement with our results for a cosine d
tribution. The simulations of Tang and Liang@19# using a
uniform distribution up to some maximum angleum , which
indicated a transition from KPZ behavior to the uniform d
tribution universality class at a critical value ofum.80o, are
also consistent with this conjecture. However, further wo
will be needed to study more carefully the dependence of
universality class on the distribution.

FIG. 11. Height-difference correlation functionG2(r ) for the
square-lattice box model~filled symbols! and two-bond triangular-
lattice model~solid lines! at 100 ML and 400 ML coverage (L
5131 072) for~a! uniform distribution and~b! cosine distribution.
3-6
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DYNAMICAL SCALING BEHAVIOR IN TWO - . . . PHYSICAL REVIEW E 66, 021603 ~2002!
We have also used a dynamical scaling form for the s
face box numberN( l ,t) to study the fractal-surface morpho
ogy in the presence of shadowing. Using this dynamical s
ing form, we have shown that even though the resulting fi
is compact, for both a cosine and a uniform angular distri
tion, the surface itself is fractal. In addition, the surface fra
tal dimensionD f appears to be independent of the latti
geometry for a given angular distributionP(u). In particular,
we foundD f.1.7 for the case of a uniform distribution an
D f.1.5 for the case of a cosine distribution. These res
are in contrast to the case of vertical deposition for wh
D f51. As a consequence of the fractal morphology of
surface, anomalous scaling for the height-difference corr
tion function G2(r ) as well as multiscaling of the genera
ized local roughness exponentan were observed.

It is interesting to note that the surface fractal dimens
D f.1.7 obtained for a uniform angular distribution is ve
close to that obtained for diffusion-limited aggregation@39#
in two dimensions. That this is the case may not be surp
ing since ballistic deposition with a uniform angular dist
bution is essentially equivalent to a diffusion-limited agg
gation process for which the diffusion length is significan
larger than the feature size. Due to this difference, diffusi
limited aggregation leads to clusters that are mass fracta
well as surface fractals. Similarly, we note that the va
D f.1.5 obtained for a cosine distribution is identical to t
‘‘local’’ fractal dimension Dloc522a53/2 for the case of
ordinary ~vertical! ballistic deposition. Thus, one may thin
of the effect of shadowing in this case as converting a lo
surface-fractal dimension into a global surface-fractal dim
sion. Such a connection is consistent with the fact that
‘‘coarsening’’ exponentp.2/3 is the same in both cases.

FIG. 12. Generalized roughness exponentan as a function ofn
for the square-lattice box model with a cosine distribution.
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In conclusion, our results show that while shadowi
plays a significant role in determining the surface morph
ogy in two-dimensional ballistic deposition, there appear
be only a finite number of distinct universality classes. F
the case of a uniform angular distribution corresponding
an anisotropic flux, our results confirm thatp5b51
@17,19#, while the surface-fractal dimensionD f.1.7 is the
same as for diffusion-limited aggregation. In contrast, for
case of a uniform flux above the surface, our results indic
the existence of a new universality class withp.b.2/3 and
D f.3/2, although a slight dependence of the effect
growth exponentb on the lattice was observed. We have al
presented an analysis that clarifies the connection betw
the launch angle distributionP(u) and the flux distribution
J(u). In the future we plan to investigate the dependence
the surface morphology on the angular distribution in thr
dimensional models of ballistic deposition in order to obta
a better understanding of the role of shadowing in lo
temperature sputter deposition.
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APPENDIX: CONNECTION BETWEEN LAUNCH ANGLE
DISTRIBUTION P„u… AND FLUX DISTRIBUTION

J„u…

As shown in Fig. 13, particles are sequentially launch
from a random position 0<x<L along the ‘‘target’’ line of
length L above the substrate with an angular distributi
P(u). Consider a flux ‘‘tube’’ of cross-sectional ‘‘area’’s
which makes an angleu with respect to the substrate norm
as shown in Fig. 13. The total fluxJ(u) of particles passing
through such a tube is proportional to the target or laun
areaDx5s/cos(u), divided by the flux-tube cross-section
areas, times the probabilityP(u) that particles are launche
at angleu. Thus, one hasJ(u);P(u)/cos(u).

FIG. 13. Schematic showing deposition geometry correspond
to particles ‘‘launched’’ from a random positionx along the target
line above the substrate with angular distributionP(u). Arrows
correspond to a flux tube of cross sections at an angleu with
respect to the substrate normal.
ev.
@1# A.-L. Barabasi and H.E. Stanley,Fractal Concepts in Surface
Growth ~Cambridge University Press, New York, 1995!.

@2# P. Meakin,Fractals, Scaling and Growth far from Equilibrium
~Cambridge University Press, New York, 1998!.
@3# M.J. Vold, J. Colloid Sci.14, 168 ~1959!.
@4# M. Kardar, G. Parisi, and Y.C. Zhang, Phys. Rev. Lett.56, 889

~1986!.
@5# R.P.U. Karunasiri, R. Bruinsma, and J. Rudnick, Phys. R
3-7



n

ys

ys

ev

ine

-

tud-

.

al-
f

e
ugh

JIANGUO YU AND JACQUES G. AMAR PHYSICAL REVIEW E66, 021603 ~2002!
Lett. 62, 788 ~1989!.
@6# G.S. Bales and A. Zangwill, Phys. Rev. Lett.63, 692 ~1989!.
@7# R.A. Roy and R. Messier, Mater. Res. Soc. Symp. Proc.38,

363 ~1985!.
@8# R. Messier and J.E. Yehoda, J. Appl. Phys.58, 3739~1985!.
@9# R. Messier, J. Vac. Sci. Technol. A4, 490 ~1986!.

@10# T. Saldittet al., Europhys. Lett.36, 565 ~1996!.
@11# C. Tang, S. Alexander, and R. Bruinsma, Phys. Rev. Lett.64,

772 ~1990!.
@12# G.S. Bales, R. Bruinsma, E.A. Eklund, R.P.U. Karunasiri, a

A. Zangwill, Science249, 265 ~1990!.
@13# G.S. Bales, and A. Zangwill, J. Vac. Sci. Technol. A9, 145

~1991!.
@14# C. Roland and H. Guo, Phys. Rev. Lett.66, 2104~1991!.
@15# L. Golubovic and R.P.U. Karunasiri, Phys. Rev. Lett.66, 3156

~1991!.
@16# Hong Yan, Phys. Rev. Lett.68, 3048~1992!.
@17# J.H. Yao, C. Roland, and H. Guo, Phys. Rev. A45, 3903

~1992!.
@18# J. Krug and P. Meakin, Phys. Rev. E47, R17 ~1993!.
@19# C. Tang and S. Liang, Phys. Rev. Lett.71, 2769~1993!.
@20# J.H. Yao and H. Guo, Phys. Rev. E47, 1007~1993!.
@21# P. Keblinski, A. Maritan, F. Toigo, and J.R. Banavar, Ph

Rev. Lett.74, 1783~1995!.
@22# H. Huang, G.H. Gilmer, and T. Diaz de la Rubia, J. Appl. Ph

84, 3636~1998!.
@23# J.T. Drotar, Y.-P. Zhao, T.-M. Lu, and G.-C. Wang, Phys. R

B 62, 2118~2000!.
@24# While the shadowing model used in Ref.@17# appears to cor-

respond to a uniform flux distribution, the neglect of the cos
factor between the flux direction and the surface normal~see
02160
d

.

.

.

Ref. @13#! implies that the flux distribution is actually equiva
lent to the uniform angular distribution used in Ref.@19#. Simi-
lar considerations apply when comparing the grass model s
ied in Ref.@18# with continuum models.

@25# G.H. Gilmer and E. Rubio~unpublished!.
@26# J.A. Stroscio, D.T. Pierce, M.D. Stiles, A. Zangwill, and L.M

Sander, Phys. Rev. Lett.75, 4246~1995!.
@27# M. Matsushita and P. Meakin, Phys. Rev. A37, 3645~1988!.
@28# P. Meakin, J. Phys. A20, L1113 ~1987!.
@29# J. Krug and P. Meakin, Phys. Rev. A40, 2064~1989!.
@30# Z. Racz and T. Vicsek, Phys. Rev. Lett.51, 2382~1983!.
@31# For the two-bond triangular-lattice simulations shown, the v

ues of the compactivityc, defined as the ratio of the number o
deposited layers to the average film thickness were:c50.74
~vertical deposition!, c50.67 ~cosine distribution!, and c
50.63 ~uniform distribution!.

@32# B.B. Mandelbrot,The Fractal Geometry of Nature~Freeman,
San Francisco, 1982!.

@33# F. Family and T. Vicsek, J. Phys. A18, L75 ~1985!.
@34# The valuea2.1/2 obtained for a cosine distribution is th

same as obtained for ordinary ballistic deposition even tho
the Family-Vicsek scaling relationa5b/p does not hold.

@35# J.G. Amar and F. Family, Phys. Rev. E47, 1595~1993!.
@36# S. Das Sarma, S.V. Ghaisas, and J.M. Kim, Phys. Rev. E49,

122 ~1994!.
@37# J.M. Lopez, Phys. Rev. Lett.83, 4594~1999!.
@38# A. Barabasi, P. Szepfalusy, and T. Vicsek, Physica A178, 17

~1991!.
@39# T.A. Witten and L.M. Sander, Phys. Rev. Lett.47, 1400

~1981!.
3-8


