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Abstract

The e�ects of long-range interactions on the scaling of the average island-size, island-size
distribution, and saturation time are investigated for a simple model of post-deposition island
growth. While long-range interactions are found to have little e�ect on the scaled island-size
distribution, the average island-size is strongly a�ected. Excellent agreement is found with the
proposed scaling form S(�; t)=� zg(�t�) for the average island size S(�; t) at time t and coverage
�. The exponents z and � and the scaling function g(u) depend on the range and sign of the
interaction. Long-range interactions are also found to strongly a�ect the saturation time as well
as the exponent describing its dependence on coverage. This leads to a simple experimental
method to detect the presence of long-range interactions. c© 1999 Elsevier Science B.V. All
rights reserved.

PACS: 81.15.Aa; 68.35.-p; 68.35.Bs; 68.35.Fx

1. Introduction

Molecular-beam epitaxy (MBE) is an important technique used to grow thin �lms,
high-quality crystals, nanostructures and a variety of other semiconductor and magnetic
materials. In the early stages of growth, the main processes that play a role are the
deposition and di�usion of adatoms and the formation and growth of islands by nu-
cleation, aggregation and coalescence [1–3]. Understanding how the island density and
island size-distribution are in
uenced by these atomic-scale competing processes is an
essential �rst step in describing thin-�lm growth.
One of the key parameters a�ecting the island-density and size distribution in sub-

monolayer epitaxial growth is the ratio D=F of the adatom hopping rate D to the
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deposition rate F , which is typically much larger than 1. Accordingly, a great deal
of recent theoretical [4–16] and experimental [17–27] work has focussed on the de-
pendence of these quantities on the ratio D=F as well as on the critical island size
i corresponding to one less than the number of atoms in the smallest stable cluster.
However, in some cases, i.e. at relatively low temperatures and large deposition 
uxes,
this ratio may be quite small. In this case, which we refer to as post-deposition nu-
cleation, island nucleation and growth occur primarily after deposition has occurred
rather than during deposition. Accordingly, in this regime the primary factors a�ecting
the island-density and distribution are the total coverage deposited (�) and the critical
island size as well as the length of time after deposition.
Recently, the submonolayer scaling behavior in post-deposition nucleation has been

studied using point-island [28] as well as more realistic extended-island models [29].
These studies have been motivated by several thin-�lm growth experiments [30–32] in
which the 
ux of adatoms is shut o� and the surface is either annealed at a somewhat
higher temperature, or simply allowed to relax before a subsequent layer is deposited.
All of these studies have assumed the existence of short-range interactions such as
nearest-neighbor bonding. However, in the presence of Coulomb e�ects or elastic ef-
fects due to strain, long-range interactions may occur. Depending on the signs of the
interactions these long-range interactions may be either attractive or repulsive. Accord-
ingly, in the present work we present simulation results for post-deposition nucleation
with both attractive and repulsive long-range interactions. We note that recently there
have been experimental and theoretical studies [33,34] of the deposition of charged
clusters on a surface bu�er layer in the absence of nucleation.

2. Model and simulations

To study the e�ects of long-range interactions, kinetic Monte Carlo simulations were
carried out using a model of post-deposition nucleation which includes a long-range
interaction of the form V (r) = V0=r, where V0¿ 0 corresponds to a repulsive in-
teraction and V0¡ 0 corresponds to an attractive interaction between di�using par-
ticles. In addition to the long-range interaction, a much stronger short-range interac-
tion, corresponding to irreversible attachment of adatoms to nearest-neighbor atoms
or clusters was included, so that atoms with at least one nearest-neighbor bond are
“frozen”. This corresponds to low-temperature deposition and a critical island size
of i = 1. For comparison, post-deposition nucleation without long-range interactions
[29] was also studied.
In our simulations we assumed that deposition takes place on a two-dimensional

square lattice of adsorption sites of lateral size L with periodic boundary conditions.
In order to model the initial rapid deposition, a �nite fraction � of the L2 lattice sites
were randomly occupied. Atoms without nearest-neighbor bonds (monomers) were then
allowed to di�use on the square-lattice under the in
uence of the long-range interaction
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until every atom was a member of a cluster, i.e. had at least one nearest-neighbor
bond. The hopping rate D was taken to be the same for all monomers. This is a good
approximation since the long-range interaction was assumed to be relatively weak.
However, due to the long-range interactions, the probability pi for a given monomer
to hop in any one of the four possible directions of motion was assumed to depend
on the direction and on the long-range interaction in the following way,

pi =
e−�Vi=kBT∑
i e

−�Vi=kBT ; (1)

where the subscript i corresponds to one of the four directions for hopping on a square
lattice, and �Vi corresponds to the change in the long-range interaction energy V (r)
corresponding to motion in that direction. In the case of long-range attraction the
coupling constant (V0=kBT = −8:63) was chosen such that the probability of hopping
towards an isolated monomer two lattice constants away is ten times larger than the
probability of hopping away. Similarly, in the case of long-range repulsion the repulsion
strength (V0=kBT=4:12) was chosen such that a particle two lattice constants away from
an isolated monomer is three times more likely to hop away from the monomer than
towards the monomer. In our simulations we assumed a cuto� radius R0 which was
chosen such that for two isolated monomers separated by a distance R0 the di�erence in
the hopping probability towards or away from each other was less than 5%. Since this
choice of R0 also corresponded to a distance signi�cantly larger than the correlation
length, then by symmetry we expect that the in
uence of particles beyond this range
will be negligible.
In order to study the dynamical behavior, the average island size S(�; t) = (� −

n1(�; t))=n(�; t), where n(�; t) is the number density of islands per lattice site and
n1(�; t) is the monomer density, was measured for di�erent coverages as a function of
time t, where t = 0 just after deposition (i.e. at the start of the nucleation process). In
addition, the island-size distribution ns(�), where ns is the density per site of islands
of size s, was measured at saturation when all monomers have been incorporated in
islands. In order to obtain good statistics, simulations were carried out using periodic
boundary conditions on lattices of size L=128 and 256 and were averaged over 1000
runs.

3. Scaling of the island-size distribution and average island size

In our analysis of the island-size distribution ns(�) we assumed the standard scaling
form [9,14],

ns(�) = �S−2f
( s
S

)
; s¿2 ; (2)
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Fig. 1. Variation of the average island size with coverage in the saturated regime for the three types of
interaction (attraction, no interaction, repulsion) is plotted for a wide range of coverages. The inset shows
the same quantities plotted over a range of coverages for which the assumption S(�) ∼ � z is more realistic.

where the scaling function f(u) is assumed to be independent of coverage. The use of
this scaling form is based on the assumption that there is only one relevant length-scale
or size corresponding to the average island size.
In order to study the dependence of the average island size S(�; t) on both time t

and coverage �, we propose a dynamic scaling expression of the form,

S(�; t) ∼ � zg(�t�) ; (3)

where g(u) ∼ u� for u.1 and g(u) ∼ constant for u/1. At early times (u.1) this
implies S(�; t) ∼ � !t
 where != z + � and 
= ��.

4. Results

Fig. 1 shows our results for the dependence of the average island size at saturation
S(�) on coverage for all three cases studied: attractive long-range interaction, repul-
sive long-range interaction and no long-range interaction. As can be seen, attraction
leads to a larger average island size than in the absence of long-range interactions
while repulsion leads to a smaller average island size. The increase in S(�) for the
case of attractive interaction is due to the increased number of aggregation events at
the expense of nucleation, as the monomers are attracted toward nearby islands. Con-
versely, for the case of a long-range repulsive interaction, the island-monomer repulsion
leads to an increase in the monomer density and a resulting increase in the nucleation
rate thus increasing the number of islands and decreasing the average island size at
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Fig. 2. Scaled island-size distribution for 0:1¡�¡ 0:2 for (a) attraction, (b) no interaction and (c) repulsion.

saturation. While the long-range interaction strongly a�ects the average island-size and
island-density the e�ect on the exponent z describing the coverage-dependence of S
is much weaker. At low coverage this is not surprising since the distances between
adatoms are comparable to the interaction radius R0 and thus there are only a few actual
long-range interaction events. At the other limit for high coverages, many adatoms are
located within each adatom’s interaction range and their interaction e�ects cancel out
leading to an almost random motion. The inset shows the coverage-dependence of the
saturated island size S(�) on � over a typical range of coverage studied experimentally
(�=0:1–0:2). Over this coverage range the e�ective exponent z (which is equal to 0:22
in the absence of interaction) is increased to 0:26 and 0:28 for the case of attractive
and repulsive interaction, respectively. These results indicate that even though attrac-
tion and repulsion have opposite e�ects on the average island-size, they both lead to
increased values for the e�ective dynamic exponent z. This is due to the enhanced
sensitivity of the saturated island size on coverage in the presence of long-range
interactions.
Fig. 2 shows the scaled island-size distribution f(s=S)=ns(�)S2=� at saturation over

the same range of coverages (� = 0:1–0:2). As can be seen there is good scaling in
all three cases. Note that the shape of the distribution is only weakly a�ected by the
long-range interaction. Thus, while the presence of a long-range interaction strongly
a�ects the nucleation rate and average island size, it has almost no e�ect on the scaled
island-size distribution.
We now consider the coverage and time dependence of the average island-size S(�; t)

at low coverage and early time. As can be seen in Figs. 3–5 there is excellent scal-
ing using the form S(�; t)∼� zg(�t�) both in the absence of long-range interaction
as well as for attractive and repulsive interactions. The dynamical exponents ! and

 increase (decrease) with the degree of long-range attraction (repulsion). The exponent



236 O. Tataru et al. / Physica A 273 (1999) 231–240

Fig. 3. Scaled island size S=� z as a function of �t� for the case of long-range attraction (�= 1:0; z = 0:26).
Inset shows unscaled data.

Fig. 4. Scaled island size S=� z as a function of �t� for the case of no interaction (�= 0:43; z = 0:22). Inset
shows unscaled data.

� = 
=(! − z) was calculated by �rst determining the values for 
 and !. By �tting
S(�; t → 0) = � !t
, at early times as a function of coverage and time, we obtained

r =0:008, 
0 = 0:06, and 
a=0:16 and !r =0:32, !0 = 0:36, and !a=0:42 where the
subscripts r; 0; and a refer to repulsion, no interaction, and attraction, respectively.



O. Tataru et al. / Physica A 273 (1999) 231–240 237

Fig. 5. Scaled island size S=� z as a function of �t� for the case of long-range repulsion (�= 0:2; z = 0:28).
Inset shows unscaled data.

Fig. 6. Log–log plot of ln(Tsat)=Tsat versus coverage � for long-range attraction, no interaction and long-range
repulsion.

Finally, we consider the dependence of the saturation time Tsat , corresponding to the
time after deposition is completed until only stable islands are left, on the deposition
coverage �. For the non-interacting case we �nd ln(DTsat)=DTsat ∼ � as shown in
Fig. 6. This result may be explained by considering the number of distinct sites �(t)
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visited by a two-dimensional random walk in two-dimensions after Dt hops, which
satis�es [35],

�(t) ∼ Dt
ln(Dt)

: (4)

To reach the �nal state, when all particles belong to stable islands, each particle should
on average visit a number of sites of order 1=�, before encountering another particle
or cluster. This implies that we can write an expression relating the total time of the
monomer di�usion process and the coverage:

ln(DTsat)
DTsat

∼ � x ; (5)

where x = 1 in the absence of long-range interactions.
As can be seen in Fig. 6, the saturation time Tsat is signi�cantly smaller for the case

of attraction than for the non-interacting case since ln(DTsat)=(DTsat) is signi�cantly
larger. Similarly, the saturation time is signi�cantly larger for the case of long-range
repulsion than for the non-interacting case. The long-range interactions also lead to
a change in the exponent x describing the dependence of Tsat on � for �¿ 0:1. In
particular, over the coverage range 0:1¡�¡0:2 we �nd x¡1 for the case of attraction
and x¿1 for the case of repulsion. The decrease in x for the case of attraction is due
to the fact that a monomer visits fewer sites in this case before attaching to another
monomer or cluster. Similarly, for the case of repulsion, a monomer must visit a larger
number of sites on average before attaching to another monomer or island so that x¿ 1.
Thus, we �nd that the scaling of the saturation time Tsat as a function of � is strongly
a�ected by the existence of long-range interactions. These results indicate a simple
way to determine the presence of long-range interactions experimentally by measuring
the exponent x describing the dependence of the saturation time on coverage during
post-deposition island growth.

5. Conclusions

Using kinetic Monte Carlo simulations we have investigated the e�ects of both
long-range attractive and repulsive interactions on post-deposition nucleation. Our re-
sults indicate that while the scaled island-size distribution is not strongly a�ected,
the average island size is strongly a�ected by the presence of long-range interac-
tions. In particular, the average island-size at saturation was found to be signi�-
cantly larger in the presence of long-range attraction and signi�cantly smaller in the
presence of long-range repulsion than in the absence of long-range interactions. In
addition, the scaling exponent z describing the dependence of saturated island size
on coverage was found to be somewhat enhanced in the presence of long-range
interactions.
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We also studied the dynamic scaling behavior of the average island size as a function
of coverage during the early stages of the post-deposition nucleation process. We found
excellent agreement with the scaling form S=� zg(�t�) in all three cases. The exponents
z and � were found to depend on the presence of the long-range interaction. Finally, we
studied the dependence of the saturation time Tsat on coverage. For the non-interacting
case, we found excellent agreement with a simple scaling theory for the dependence
of Tsat on coverage. For the case of long-range interaction a similar scaling form was
observed but with an exponent x which depended on the sign of the interaction. In
particular, for the case of long-range attraction Tsat was signi�cantly smaller than in
the non-interacting case, while in the case of long-range repulsion it was signi�cantly
larger. In addition, the exponent x describing the dependence of Tsat on coverage was
found to be signi�cantly di�erent in the interacting case than in the non-interacting case
at intermediate coverage. These results suggest a simple experimental method to look
for the e�ects of long-range interactions by studying the dependence of the saturation
time on coverage during post-deposition nucleation.
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