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Corner diffusion is shown to play a crucial role in determining the asymptotic mound coarsening exponent
n in the case of unstable epitaxial growth on (001) and (111) surfaces. For the case of island-relaxation
without corner diffusion the asymptotic exponent is found to satisfy n⯝1/4. However, when rapid cornerdiffusion is allowed, the coarsening exponent is found to approach 1/3. An explanation for these results is
presented in terms of the effects of corner diffusion on the surface current and mound morphology.
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The appearance of large-scale structures 共mounds兲, which
grow and coarsen with increasing film thickness during homoepitaxial growth on singular surfaces has attracted considerable interest over the past several years. In particular,
mound formation has been observed in homoepitaxial
growth of materials ranging from semiconductors1 to metals
and metal alloys.2–4 One reason for the interest has been the
desire to control instabilities during the growth process in
order to produce either atomically flat or nanostructured surfaces.
The origin of the mound instability in homoepitaxial
growth is now understood to be the existence of diffusion
bias.5 Such a bias may be due for example to a barrier to
diffusion over descending steps 共Ehrlich-Schwoebel step
barrier6兲 or to a short-range attraction of surface adatoms to
ascending steps.7 This bias leads to an ‘‘uphill current’’ towards ascending step edges and an increased probability for
the nucleation of islands on top of existing islands and consequently to unstable, rough growth and mound formation.
However, while the origin of the mound instability is now
well understood, the asymptotic mound coarsening and surface roughening behavior are not. For example, numerical
integration of the simplest continuum equation for the surface height h(r,t), which takes diffusion bias into account8
leads to a mound coarsening exponent n⯝1/4 共where the
typical mound or feature size r c parallel to the surface scales
as r c ⬃ 具 h 典 n where 具 h 典 is the average film thickness兲. This
result is consistent with those obtained in a variety of experiments on growth on metal (001) surfaces3,4 and Monte Carlo
simulations.9 However, in a recent experiment on epitaxial
growth of Rh/Rh共111兲 at high temperature,10 rapid mound
formation with a significantly larger coarsening exponent
(n⯝0.33⫾0.02) was observed. A similarly large value was
also obtained12 in simulations of metal 共001兲 growth with a
large step barrier.
Recently, a continuum analysis of mound coarsening has
been presented,11 which takes into account the symmetry of
the surface as well as the topology of defects between
mounds. The results indicate that for growth on (111) substrates, n⯝1/3, while for growth on (001) surfaces, in most
cases the coarsening exponent n⯝1/4. However, while these
results agree with existing experiments, they do not provide
a clear correspondence between the mechanisms of surface
relaxation and the observed behavior.
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In order to understand the influence of island-relaxation
mechanisms on the coarsening behavior, I have carried out
kinetic Monte Carlo simulations of growth on both (001)
and (111) surfaces. The simulations on (001) surfaces were
carried out using a model of bcc (001) growth,12 which takes
into account downward funneling13 due to the crystal structure. To study the dependence of the coarsening behavior on
(001) surfaces on island-relaxation mechanisms, three different models were used 共see Fig. 1兲. In all three models, atoms
were deposited with deposition rate F 共per site兲 and allowed
to diffuse to nearest-neighbor sites with hopping rate D. In
order to take into account the effect of an Ehrlich-Schwoebel
step barrier and satisfy detailed balance, for all three models
the rates for adatom motion over an ascending or descending
step were assumed to be equal to the corresponding rate on a
flat surface multiplied by a factor e ⫺E B /k B T due to the stepbarrier E B .
In model A, irreversible island formation was assumed
with island relaxation via hopping of singly-bonded atoms
along straight edges 共edge-diffusion兲 at a rate given by D e
⫽De ⫺E e /k B T 关see Fig. 1共a兲兴. This leads to somewhat irregular islands and mounds whose edges tend to be along the
(110) and (11̄0) directions. Model B again corresponded to
irreversible island formation but with diffusion of singly-

FIG. 1. Typical mound morphology (400⫻400 portion of lattice兲 after 500 layers have been deposited 共moderate step barrier兲
along with corresponding island-relaxation mechanisms for models
A, B, and C 关共a兲, 共b兲, and 共c兲, respectively兴. Gray scale plots in 共a兲
and 共c兲 correspond to slow deposition (E e ⫽0.1 eV and E 1
⫽0.1 eV, respectively兲 while 共b兲 corresponds to fast deposition
with E e ⫽0.
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FIG. 2. Feature separation vs film thickness for models A and B.
Open symbols denote corner diffusion 共model B兲: diamonds and
dashed curve 共fast deposition, moderate step barrier兲, squares 共fast
deposition, large step barrier兲, circles 共slow deposition, large step
barrier兲. Filled symbols denote corresponding simulations without
corner diffusion. Open diamonds, squares, and triangles correspond
to enhanced edge diffusion (E e ⫽0) while E e ⫽0.1 eV for all others. Open triangles correspond to modification of model B with a
corner-diffusion barrier larger than that for edge-diffusion (E c
⫽E B ⫽0.07 eV, E e ⫽0) and slow deposition.

bonded atoms around corners at a rate D c ⫽D e equal to that
for edge-diffusion as shown in Fig. 1共b兲. This leads to compact square islands and mounds whose edges are along the
(100) and (010) directions and which tend to form short
‘‘chains’’ of coalescing mounds in the (110) and (11̄0) directions 共see Fig. 1兲. Finally, in model C, reversible island
formation was studied using a model in which the 共in-plane兲
hopping rate 共either away from or along an edge兲 for an
adatom with one lateral in-plane bond is given by D 1
⫽De ⫺E 1 /k B T while atoms with two or more bonds are assumed to be effectively ‘‘frozen.’’ As shown in Fig. 1共c兲 this
also leads to compact islands and mounds with edges along
the (100) and (010) directions.
In order to study the coarsening behavior over a wide
range of deposition conditions, and ensure that asymptotic
behavior was observed, simulations were carried out using
both moderate (E B ⫽0.07 eV) and large (E B ⫽0.6 eV)
step-barriers while the substrate was assumed to be at room
temperature (T⫽298 K). In addition, two different deposition rates were used—a ‘‘fast’’ deposition rate corresponding
to D/F⫽5⫻103 , and a ‘‘slow’’ deposition rate corresponding to D/F⫽105 . To eliminate finite-size effects all simulations were carried out using very large system sizes (1024
⫻1024). As in previous studies,3,12 the average mound size
or feature separation was estimated as proportional to the
position r c of the first zero crossing of the circularly averaged height-height correlation function. From the dependence of the feature separation r c on film thickness 具 h 典 , the
mound coarsening exponent n 共where r c ⬃ 具 h 典 n ) was obtained.
Figure 2 shows simulation results for the case of irreversible island growth with rapid edge-diffusion both for the case
without corner diffusion 共filled symbols, model A) and with
corner diffusion 共open symbols, model B). As can be seen,
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FIG. 3. Feature separation vs film thickness for reversible island
growth on a (001) surface 共model C, E 1 ⫽0.1 eV). Open symbols
correspond to moderate step barrier while filled symbols correspond
to large step barrier.

in the absence of corner diffusion, n⯝1/4 regardless of the
deposition rate or step-barrier strength. However, in the presence of corner diffusion a much larger value (n⯝1/3) is
observed. These results indicate that corner diffusion plays a
key role in determining the asymptotic coarsening behavior.
Also shown in Fig. 2 are results 共dashed line兲 for growth
with a moderate step barrier and less rapid edge-and-corner
diffusion (E e ⫽0.1 eV) for which the late-time coarsening
exponent is only slightly higher than 1/4. A comparison of
these results to the corresponding results with a larger step
barrier 共open squares兲 as well as to those with the same step
barrier but with enhanced edge-and-corner diffusion 共open
diamonds兲 indicates that less corner diffusion is needed in
the case of a large step barrier than for a moderate step
barrier in order to observe a large coarsening exponent.
Thus, the strength of the step barrier also plays an important
role in determining the observed coarsening behavior. Also
included in Fig. 2 are results for a modification of model B
corresponding to a corner-diffusion barrier which is comparable to the step barrier but larger than the edge-diffusion
barrier. In this case, the combined effects of rapid edge diffusion and moderate corner diffusion again lead to a large
effective rate of corner diffusion, so that rapid mound coarsening with n⯝1/3 is observed.
Figure 3 shows results for the case of reversible island
formation 共model C). As indicated by Fig. 1共c兲, for the case
of slow deposition and a moderate step barrier the resulting
mounds are quite large and regular. In addition, due to the
absence of corner diffusion, the effective coarsening exponent is less than or equal to 1/4. However, for the case of
slow deposition with a large step barrier, a large coarsening
exponent n⯝1/3 is again obtained while the surface morphology becomes similar to that shown in Fig. 1共b兲.
These results may be explained in terms of the presence
of an effective corner diffusion. For a large step barrier, atoms that detach from an island are reflected by nearby descending steps and are likely to reattach at nearby island
edges. As a result, an atom detaching from a corner is likely
to reattach at a nearby edge leading to an effective corner
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diffusion. In contrast, for a moderate step barrier, atoms detaching from an island are likely to descend at nearby stepedges and so do not contribute to corner diffusion.
Why does rapid corner diffusion lead to enhanced mound
coarsening? A qualitative explanation may be obtained by
considering the effects of corner diffusion on the surface
current which may be expanded in the form j x ⫽m x (a
⫺cm 2x ⫺bm 2y ) 共Ref. 11兲 where j x ⬎0 corresponds to an ‘‘uphill’’ mass current in the x-direction, m x (m y ) corresponds to
the surface slope in the (100) 关 (010) 兴 direction, and the last
term with coefficient b corresponds to a cross current. In the
presence of a sufficiently large step barrier, one expects14,15
that rapid edge and corner diffusion will lead to a positive
cross current (b⬍0) since adatoms attaching to ascending
step edges will tend to migrate uphill 共in the x direction兲 by
diffusing around corners to an inside kink site with two
nearest-neighbor bonds. In contrast, in the absence of corner
diffusion or for a weak step barrier no such cross current will
be observed. In simulations of growth on a vicinal surface
using the same parameters as in the coarsening simulations, I
have verified that for the case of rapid corner diffusion or
effective corner diffusion there is a positive cross-current,
while in the absence of rapid corner diffusion the crosscurrent is either negligible or negative. Thus, the sign of the
cross current appears to determine the coarsening behavior.
Why does a positive cross current lead to enhanced
mound coarsening? A simple kinetic explanation is as follows. When two mounds begin to coalesce the region between them has a significant slope in both the (100) and
(010) directions. A positive cross-current tends to favor such
regions so that mound coalescence is enhanced as in Fig.
1共b兲. On the other hand, a negative cross current tends to
suppress such regions so that mound coalescence is suppressed as in Fig. 1共c兲.
In order to study the effects of surface symmetry on the
asymptotic coarsening behavior, I have also carried out
simulations of growth on a (111) surface for which it has
been argued11 that in general n⯝1/3. In my simulations a
simple solid-on-solid model of irreversible growth on a triangular lattice was used, with ‘‘knockout’’17 of atoms at a
step-edge by freshly deposited atoms in order to mimic
downward funneling. By independently varying the parameters for edge and corner diffusion along A and B step
edges18 the island and mound morphology were varied from
hexagonal to triangular.
Figure 4 shows results for the case of triangular mounds
corresponding to rapid corner diffusion around A step edges
and slow corner diffusion around B step edges. The asymmetry in corner diffusion leads to the formation of triangular
islands and mounds as in experiment10 with A edges favored
and B edges suppressed. For the case of rapid edge diffusion
and a large step barrier, a large coarsening exponent (n
⯝1/3) is observed. This is consistent with the rapid edge and
corner diffusion along A edges in this case. However, in the
case of slow edge diffusion, due to the suppression of mass
transport along the A edges,16 the mounds are significantly
smaller and a lower coarsening exponent (n⯝1/4) is observed.
Similar results have been obtained for the case of hexagonal mounds. For the case of rapid edge and corner diffusion
the mound edges are smooth and a large coarsening exponent
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FIG. 4. Feature separation vs film thickness for deposition on a
(111) surface with a large step barrier and D/F⫽103 . Fast islandrelaxation rates correspond to D e /F⫽104 while slow rates correspond to D e /F⫽0. Open triangles correspond to fast edge diffusion while filled triangles correspond to slow edge diffusion.

(n⯝1/3) is observed, while in the absence of corner diffusion the mound edges are rough and a smaller exponent (n
⯝1/4) is observed. These results disagree with the
prediction11 that n⯝1/3 in general on (111) surfaces and
again indicate the critical role of corner-diffusion in determining the coarsening behavior.
The dependence of the mound coarsening behavior on
surface relaxation mechanisms may also be explained by
considering the rate of coalescence of two mounds of lateral
size L due to mass transfer from the ‘‘outside’’ region to the
‘‘inside’’ via diffusion of adatoms along the ridges 共mound
edges兲 between them. The mound coalescence time  L is
given by the volume that must be ‘‘filled in’’ 共which is of
order L 3 ) divided by the total rate at which mass is transferred. For the case of reversible island formation without a
large step barrier, a quasi-equilibrium argument for the rate
of mass transfer based on the curvature dependence of the
chemical potential leads to n⫽1/4. 16 However, in the case of
island relaxation without detachment or for a large stepbarrier, such a quasi-equilibrium assumption no longer holds.
In particular, for the case of rapid edge and corner diffusion,
the outside edges of individual mounds are quite smooth so
that edge adatoms may carry out a one-dimensional random
walk along mound edges from the outside to the region between the mounds. Assuming an edge-adatom density  ,
which is independent of the mound size this implies a rate of
mass transfer in each layer dM 1 /dt, which is proportional to
the number of edge-adatoms  L divided by the time t 1 ⬃L 2
for diffusion over a distance L, i.e., dM 1 /dt⬃1/L. Since
there are of order L layers in each mound this leads to a total
rate of mass transfer which is independent of mound size and
a coalescence time  L ⬃L 3 , which implies n⫽1/3. In contrast, for the case of irreversible island formation without
corner diffusion 关Fig. 1共a兲兴 the mound edges are quite
‘‘rough’’ so that mass transfer via edge diffusion is suppressed. In this case, an analysis that takes into account
deposition-induced fluctuations again leads to n⫽1/4.16
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I now consider the applicability of these results to recent
experiments.3,4,10 For the case of growth on metal (001) surfaces one expects that corner diffusion will be relatively
slow19 since it requires either a next-nearest-neighbor hop, or
a two-step process involving single-bond detachment and reattachment, or a complicated substitution process. Furthermore, in the presence of significant one-bond detachment4
there will only be a significant amount of effective corner
diffusion if the step-barrier is sufficiently large. This implies
that for growth on (001) surfaces, n⯝1/4 is most likely to be
observed. However, on (111) surfaces the barriers for edge
and corner diffusion are likely to be comparable20 since both
processes involve the ‘‘breaking’’ of one nearest-neighbor
bond while the other is unchanged. Furthermore the (111)
geometry implies that each edge adatom has two nearest-
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neighbor bonds so that edge adatoms are unlikely to detach
at high temperatures.10,20 Thus, at high temperatures both
rapid edge and corner diffusion may occur leading to a large
coarsening exponent as observed for Rh/Rh共111兲 at 725 K.10
In conclusion, corner diffusion has been shown to play a
crucial role in determining the island and mound morphology and asymptotic coarsening behavior in unstable epitaxial
growth on both (001) and (111) surfaces. Depending on the
strength of the step barrier and the rate of corner diffusion,
either ‘‘slow’’ (n⯝1/4) or rapid (n⯝1/3) mound coarsening
may be observed. Further work will be needed to study the
crossover behavior and detailed dependence on deposition
rate, step barrier, and corner diffusion.
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