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Island-size distribution and capture numbers in three-dimensional nucleation: Comparison
with mean-field behavior
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The scaling of the monomer and island densities, island-size distrib8&), capture-number distribution
(CND), and capture-zone distribution is studied as a function of the fraction of occupiedcsitesage and
ratio D/F of the monomer hopping raf to the(per sitg monomer creation rate in a three-dimension&BD)
point-island model of irreversible nucleation and island growth. Our model is a 3D analog of submonolayer
growth and may also be viewed as a simplified model of the early stages of vacancy cluster nucleation and
growth under irradiation. Good agreement is found between mean¢fi#ffd rate-equation results for the
average island and monomer densities and our simulation results. In addition, due to the decreased influence of
correlations and fluctuations in 3D, the scaled CND depends only weakly on the island-size. As a result, the
scaled ISD is significantly sharper than obtained in 2D and diverges with incrdaskgHowever, for large
D/F both the scaled ISD and the scaled CND differ from the MF prediction. In particular, the scaled ISD
diverges more slowly than the MF prediction while the asymptotic divergence occurs at a value of the scaled
island size which is larger than the MF prediction. These results are further supported by an analysis of the
asymptotic scaled capture-number distribution.
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I. INTRODUCTION dNg
) } 5 =Ros-1NiNg1 = RONiNs + ks 1N 1 = kNs,  (3)
Cluster nucleation and growth is the central feature of
many physical processes. The nucleation and growth of isyhere the capture numbers (o) correspond to thaverage
lands in submonolayer epitaxial growth has been studied ingapture rate of diffusing monomers by islands of size
tensively both experimentafty’®and theoreticall#~*°since  (monomers R=D/F is the ratio of the monomer diffusion
the structures formed in the submonolayer regime capate to the deposition rate, and the terms with(x=1 for
strongly influence the morphology and properties of the repoint islands correspond to direct impingement. We note
sultant multilayer film. For example, recently considerableinat the central problem in the RE approach is the determi-
theoretical effort has been carried out towards an understangtion of the size- and coverage-dependent capture numbers
ing of the scaling properties of the island-size distributiongs(g)_
Ny(0) (whereNs is the number of islands of sizeat cover- The simplest possible assumption for the capture-number
age 6) in submonolayer growth In the precoalescence jstribution (CND) is the mean-field assumptian(6)=o,.
regime the island-size distribution satisfies the scalingynile such an assumption may be adequate to describe the
form*415 scaling of the average island dendityand monomer density
N; with coverage an@/F, it is not adequate to describe the
0 (s ISD. For example, using two-dimension&RD) kinetic
Ny(6) = gf 5) 1 Monte Carlo (KMC) simulations, Bartelt and Evalfs
showed that even for point islands there is a nontrivial de-
. . . . . pendence of the capture number on the island size due to the
whereS is the average island size and the scaling functiory,e|ation between the island size and capture zone. In ad-
f(u) depends on the critical island size and islandgion they showed that in the asymptotic limit of larDéF,

morphology'® _ o the scaled ISD is related to the scaled CND as
One of the standard tools used in these studies is the rate-

equation(RE) approach1231n this approach the coverage U 27-1-C'(x)
dependence of the island-size distributi¢®D) is calculated f(u) = f(O)exp{f dx—} , (4)
through a set of deterministic reaction-diffusion equations 0 C(x) —zx
which involve a set of rate coefficients usually called capture
numbers:12 For the irreversible growth of point islands, WhereC(s/S)=ad/ oy, is the scaled CNDz is the dynamical
rate equations valid in the precoalescence regime may bexponent describing the dependence of the average island
written in the form size on coveragéS~ 0%, and f(0) is determined by the
normalization conditiorfy du f(u)=1. We note that for irre-

® 0 versible growth of point islands as is considered here, one
Ny =1-2Ro N2 = RN, o Ng— k:N; = >, kN, (2) hasz=2/3. As can beseen from Eq(4), if C(u)>zu, then
do =2 =1 no divergence will occur. However, i€(u) crosseszu at
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some valuel,, then a divergence in the asymptotic ISD will point-island model of irreversible nucleation and growth on a
occur if C'(up) <2z-1. cubic lattice. Our model is a straightforward analog of the
This result highlights the importance of understanding thecorresponding point-island model previously studied in two
capture-number distribution in order to understand the scaldimensions? However, it may also be considered to be a
ing behavior of the ISD. For example, using this expressiorsimple model of vacancy cluster nucleation and growth in
Bartelt and Evans were able to shéthat the usual mean- solids. We note that a more realistic model would take into
field (MF) assumption that the capture number is indepenaccount the increase of the lateral dimension of an island
dent of island size leads to a divergent ISD. On the othe{yith island size. However, in the asymptotic limit of large
hand, by measuring the CND for various models in two-p/E the point-island approximation is appropriate for ex-
dimensional submonolayer island growth, they showed tha,qed islands up to a finite coverage<0.01) since over

due to correlations, the actual CND is not mean field bus oo\ erage range the average island separation is still sig-
depends strongly on the island size. Accordingly, the scale ificantly larger than the average island radi@is.

ISD for 2D nucleation and growth does not diverge in the In our model, monomers are randomly created throughout

asymptotic limit. X . . . o
While the scaling behavior of the ISD and CND is now the lattice with creation rate per site per unit time and then

well understood for the case of two-dimensional nucleatior?0P randomly in each of the six nearest-neighbor directions
and growth, the corresponding behavior has not been studieth hopping rateDy,. If a monomer lands on a site already
in three dimensions. This is of interest from a theoreticaloccupied by another monomer or is created at such a site,
point of view, since we would like to understand to whatthen a dimer island is nucleated. Similarly, if a monomer
extent fluctuations play a role in determining the scaled ISJands on or is created at a site already occupied by an island,
and CND, and a comparison with 3D simulations would bethen that monomer is captured by that island and the island
quite useful in providing such understanding. In addition, thesize increases by 1. As for 2D nucleation and growth the key
scaling behavior of the ISD in simple models of 3D nucle-parameter in this model is the ratig=D,/F of the mono-
ation and growth may also be important in understanding @ner hopping rate to théper sit§ monomer creation rate or,
variety of important processes. For example, the nucleatioequivalently, the ratidR=D/F=R;/6.
and growth of islands in bulk materials has attracted tremen- In order to study the asymptotic scaling behavior, we have
dous interest in recent years, as these processes create nag@ied out simulations over a range of valueRgfranging
particles which as quantum dots are promising in fabricatingrom 1 to 10°. To avoid finite-size effects, simulations
light emission device®-3* were carried out over a range of different values of the sys-
Here we present results for the scaled island-size distributem sizel ranging fromL=160 toL=450. In addition, our
tion and capture-number distribution obtained from KMC results were typically averaged over 200 runs to obtain good
simulations of a simple point-island model of 3D nucleationstatistics. For each set of parameters the scaled I1SD, CND,
and growth. For completeness, we also present the results ahd CZD were obtained for coverages u@te0.4, while the
a self-consistent RE calculation which leads to good agreeaverage island densiti(#) and monomer densityN,(6)
ment with KMC simulations for the coverage dependence ofvere also measured. We note that in order to measure the
the average island density(6) and monomer densiti;(6). capture-number distribution, the method outlined in Ref. 19
We find that, due to the decreased role of fluctuations anwas used. In particular, the capture numbg) was calcu-
correlations in three dimensions, the scaled ISD in 3D idated using the expressiorg(a):ngl(RA0N1N5L3) whereng
significantly sharper than in 2D and appears to diverge withs the number of monomer capture events corresponding to
increasingD/F, while the asymptotic CND depends only an island of sizes during a very small coverage interval
weakly on island size. However, the asymptotic scaled ISO0A§=0.00]). As in Ref. 19 the island sizeat the beginning
and CND still appear to deviate from the MF prediction. Weof the coverage interval was used when incrementing the
attribute this deviation to the existence of geometric effectzountem¢ in order to obtain good statistics. We also note that
and correlations which, although reduced in 3D, still appeain our capture-zone distribution calculations, the capture
to play a role in three dimensions. zone of an island was defined as corresponding to all mono-
This paper is organized as follows. In Sec. Il we firstmer sites or empty sites which are closer to that island than
describe our simulations and point-island model. In Sec. lllany other island. If such a site was equally close to several
we describe a self-consistent rate-equation approach to thelands, then that site’s contribution to the capture zone was
calculation of the capture numbers. In Sec. IV we firstequally distributed between the islands.
present a comparison between our self-consistent RE results
and KMC results for the average island and monomer den-
sities. We then present our KMC results for the ISD and. SELF-CONSISTENT RATE-EQUATION CALCULATION
CND along with a comparison with the corresponding RE
results. Results for the scaled capture-zone distribution AS in Ref. 17 we consider a quasistatic diffusion equation
(CZD) are also presented. Finally, we discuss and summarizZ&r the monomer densityy(r, 6, ¢) surrounding an island of
our results in Sec. V. sizes of the form

Il. MODEL AND SIMULATIONS V2ny(r,0,¢) = £4ny =Ny =0, (5

In order to study the scaling behavior of the ISD andwhereN; is the average monomer density afhidorresponds
CND in 3D nucleation and growth, we have studied a simplgo an overall average capture term. For consistency with the
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RE’s (2) and (3) we require¢ ?=20,N;+22,0Ns. We note ,f T
that if we assume thai,=0c;=0, then this self-consistency 107t
condition may be written more simply as F
£2= g(N+2N,). (6) 10%g
Assuming spherical symmetry E5) may be written »104[ Monomer
1d{ ,dn <
—2—(r2—1) - £%,(r) =0, (7) 2
redr\ dr A 105
10
wheren;(r)=n;(r)—N;. The general solution is given by
5 sinh(r/ coshr/ 10°k
ny(r)=A rr( §)+B fr( é). (8) £
. . — . e 10>7 ol v hvd el vl el
Using the boundary condition;(Ry) =0 (whereR; is the is 105 10° 104 10° 107 107
0

land radiu$ corresponding to irreversible growth, along with

the asymptotic boundary condition(«)=N,, we obtain .
FIG. 1. Comparison between KMC resultsymbolg and the

ny(r) = Ny[1 - (RJr)e”"RIE] (9)  corresponding RE resultsolid lineg for the monomer densiti;

. . . . and island densityN as a function of coverage fob,/F=10°
Equating themicroscopicflux of atoms near the island (circles, 10 (triangles, and 18 (diamonds.

47-rR§D[(9n1/c7r]r=RS to the correspondingnacroscopicRE-
like term DN,o, we obtain, for the capture number,

_4WR§(ﬁ
- Ny \ ar

=1CP,10/, and 18 are shown, while the value d®, (R,
=1/3) was chosen to give the best fit to the KMC data. As
) =4nR(1 +RJ§). (100 can be seen, there is excellent agreement between the RE and
=R KMC results over all coverages and for all valuesDpf/ F.
We note that this result agrees with that of Talbot andThus, as was previously found in two dimensiéhthe self-
Willis3® who carried out an analysis of the mean “sink” consistent RE approach can be used to accurately predict
strength of voids in a random array of voids in an irradiatedaverage quantities such as the monomer and island density in

Os

material. three dimensions. We now consider the scaled ISD.
For the point-island model the island radRsis indepen- Figure 2 shows the corresponding results for the scaled
dent of island sizdi.e., R.=R;) which implies ISD obtained from KMC simulationgsymbolg at coverage
0=0.2. As can be seen, the peak of the scaled ISD increases
0s= 0= 4Ry (1 +Ry/§), (1) with increasingD/F while the island-size distribution be-

comes sharper, thus indicating a divergence in the asymptotic
limit of infinite D/F. Also shown in Fig. 2 are the corre-
sponding self-consistent RE resultsolid curve$. The
asymptotic MF resulé18 f(u):%(1—2u/3)‘1’2 correspond-

whereR, is a model-dependent constant of order 1. Substi
tuting the self-consistency conditiai®) for ¢ leads to the
result

o = 4aR[1+x(1+\1+2ly)], (12

1.6

WhereX:(N+2Nl)27-rR8 andN=2Z,N is the average island
density. Using this result the contracted rate equations for the
monomer and island densities may be written

6=0.2 |

dN

d—; =1-2N;-N-2(D/F)oN2 - (D/IF)oN;N, (13)
dN
7 N, + (D/F)oN3. (14)

We note that for larg®/F, Eq.(12) implies a capture num-
ber o =4mR, which does not depend on coverageni.

IV. RESULTS

Figure 1 shows a comparison between our KMC simula-
tion results for the average monomer and island densities and FIG. 2. Scaled island-size distributions ®f/F=10°, 17, and
the corresponding RE results obtained by numerically inte40°. KMC simulation resultg§symbol$, RE resultgsolid lineg, and
grating Egs. (12—(14). The KMC results for D,/F  asymptotic MF limit(dashed curve
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FIG. 4. KMC simulation results for scaled CN&/ o, versus

FIG. 3. Log-log plot of peak value of scaled ISD as function of Scaled island size fdb,/F=10°-10". Horizontal dashed line cor-
Dy/F. responds to MF CND; solid line corresponds(&/3)(s/9).

ing to infinite D/F is also shown(dashed curve As ex-  C'(UJ)=(1/3)exf-a/(D/F)*?] wherea=23.6. ThusC'(u)
pected, the self-consistent MF RE results for the ISD apiS less than the critical value of 1/3 for all fini@/F al-
proach the asymptotic MF prediction with increasiDgF. though it approaches the critical value asymptotically. These
However, there are significant differences between the KM@esults are consistent with the observed divergence in the
results and the RE results. In particular, while there is googcaled ISD with increasin@/F. However, the asymptotic
agreement between the KMC and RE results for sipaff,  divergence appears to occur at a point=1.55, which is
for large D/F the KMC results for the scaled ISD are sig- SOmewhat beyond the poin}'™=3/2 atwhich the MF ISD
nificantly lower than the RE predictions. diverges.

These differences are more dramatically indicated in Fig. In order to better understand the asymptotic behavior we
3 which shows the peak values of the scaled ISD obtainefiave also studied the dependence of the peak positioof
from both KMC simulations and RE calculations as a func-the scaled ISD obtained from our KMC simulations as a
tion of D/F. As can be seen, in both cases the peak valuéinction of D/F. In order to extrapolate the asymptotic be-
f(D/F) of the scaled ISD increases as a power law—i.e.havior, the peak positioru,(D/F) was fit to the form
fox~ (D/F)*—thus indicating a divergent ISD in the Up(D/F)=Up()+c(D/F)"”while the value ofy was varied
asymptotic limit. However, the value @f obtained from the 1O find the best fit. A similar fit was used to extrapolate the
KMC simulations(¢=0.06) is significantly smaller than the MF RE results. Figure 5 shows the corresponding results for
value (¢=0.08 obtained from our RE calculations. the KMC simulations(solid circles,y=1/9) as well as for

In order to understand these differences, we have also 17
measured the scaled capture-number distribu@és'S) in
our KMC simulations forD,,/F=10P-10 as shown in Fig.
4. The MF prediction corresponding to the horizontal dashed 1.6
line C(u)=1 is also shown. As can be seen, there are signifi-
cant deviations between the KMC results and the MF predic-
tion. In particular,C(u) is less than 1 fou<1.3 while it 1.5

increases rapidly withu for u>1.3. We note that the MF §
prediction corresponds to an asymptotic divergence in the Z
scaled ISD at the point)' =3/2 where the MF CND crosses A4

the line 21/3. On the other hand, for large/F the scaled
CND curves obtained from the KMC simulation appear to
“pivot” with increasing D/F around a fixed point at 1.3
=1.55 which is also the point at which they cross the line
2u/3.

As indicated by Eq(4), a divergence in the asymptotic L %0 " o1 = o
ISD will only occur if C'(uy) <2z-1=1/3. For allvalues of D /FY"
D/F considered here, the slof#(u.) of the scaled CND at "
the crossing pointi,=1.55 is lower than the critical value FIG. 5. Plot of u,(D/F) and u,(D/F) as a function of
2z-1=1/3required to avoid a divergence. Furthermore, for(D,/F)"” for D,/F ranging from 16 to 10! Lines are fits as de-
large D/F the slope is well described by the expressionscribed in text while values of correspond to best fits.
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V. DISCUSSION

In order to understand the role of fluctuations and geom-
etry in irreversible nucleation and growth, and also to com-
pare with results obtained in two dimensions, we have car-
ried out simulations of a simple point-island model of
irreversible island nucleation and growth in three dimen-
sions. We have also presented a self-consistent RE calcula-
tion similar to that previously carried out by Bales and
Chrzar’ in two dimensions. In contrast to the case of island
nucleation and growth in 2D, we find that the peak of the
scaled ISD increases and the distribution becomes sharper
with increasingD/F, thus leading to a divergence in the
asymptotic limit. However, while good agreement is found
between the self-consistent RE results for the average island
and monomer densities and our simulation results, there is

poor agreement between the MF RE results for the scaled
ISD and simulations. In particular, the scaled island-size dis-
tribution obtained in KMC simulations diverges more slowly
than the MF prediction.

By directly measuring the scaled capture-number distribu-
tion for different values oD/F we have found that, in con-
KMC simulation results we findiy(e) = 1.55 which is in trast to the MF assumption, the scaled CND depends weakly

- on island size. In addition, our analysis of the dependence of
good agreement with our results for the scaled CND. Wi Y b

Gh led CND o /F clearly indicates that th toti
note that the value oy (y=1/9) obtained in our fits to the © scale © clearly Indicates that the asymptotic

X ) i CND is also different from the MF prediction. In particular,
KMC 1r/gesu|ts may be partially explained by noting that \he asymptotic CND appears to cross the liné2at a value
(D/F)*" corresponds to the ratio of the island separation tq, 1 55 \which is somewhat larger than the MF prediction

the island size. However, we have no similar explanation foru§:3/2_ Asindicated by Eq(1), this leads to a divergence of
the value ofy (y=0.20 obtained in our fits to the MF RE  he |SD at a valuel,~1.55 which is somewnhat larger than
calculations. o _ ~ the value 3/2 predicted by MF theory. These results are fur-
We have carried out a similar analysis of the crossingher supported by our analysis of the asymptotic behavior of
point ug, corresponding to the position at which the tails of the |SD peak position and crossing point which indicate that
successive ISD curvecorresponding to values ob/F 5 poth cases there is an asymptotic divergence at a scaled
varying by a factor of 1fcross. In this case a fit similar to jgjand sizeu,~ 1.55 which is somewhat beyond the MF pre-
that used for the peak position—i.eu,(D/F)=uc(>)  diction. This “bending” of the CND away from the MF value
+c(D/F)"*—was used and again the value pfvas varied  C(u)=1 for largeu also leads to a decreased value of the
to find the best fit. The corresponding results are also showAumerator in Eq(1), thus explaining the “decrease” in the
in Fig. 5. We note that the best-fit value pf(y=0.24 used  peak of the ISD compared to the MF prediction. Thus, we
for the KMC crossing pointsupper solid symbolsis signifi-  conclude that although the scaled ISD and CND in 3D are
cantly different from that used to fit the scaling of the KMC significantly closer to the MF prediction than in 2D, in the
peak position(y=1/9) and is much closer to that used for asymptotic limit of largeD/F the scaled CND is still not
the MF RE results(upper open symbols However, the completely independent of island size as predicted by MF
asymptotic value of the crossing poing() =1.55is stillin  theory. We believe that this is due to the effects of fluctua-
good agreement with the asymptotic value for the peak potions and geometry, which still appear to play a significant
sition. Similarly, for the MF RE results we again find role in 3D.
uMF(e0)=3/2 andy=1/5. Thus these results confirm that, ~We note that since we have been primarily interested in
as already indicated in Figs. 2—4, although the asymptotithe asymptotic behavior of the point-island model, the results
scaled ISD diverges with increasimyyF, it is significantly =~ shown here have primarily focussed on the behavior at a
different from the MF prediction. relatively high coverage—i.e4=0.2. While at higher cov-
For completeness, we have also measured the scaled CZbages the differences between our KMC results and the MF
as shown in Fig. 6. The shape of the scaled CZD is similar tgrediction are even larger, we have also examined the behav-
that of the scaled CND. In particular, it is relatively “flat” for ior at significantly lower coveragé=0.05. In this case, we
u<1.3, while foru>1.3 it increases rapidly with island size found that a similar discrepancy between the KMC results
for largeD/F. However, just as for the case of 2D submono-and the MF prediction also occurs, although it is significantly
layer nucleatiort; the scaled CZD is quite different from the smaller for the same value dd/F. We conclude that at
scaled CND. This difference is most likely due to the effectslower coverages, much higher valuesdfF are needed to
of geometry as well as fluctuations which imply that an ada-<learly see the asymptotic behavior. Finally, we note that for
tom in the capture zone of a given island is not necessarilp more realistic model with 3D islands, the dependence of
captured by that island. the capture number on island size is likely to be even stron-

FIG. 6. KMC simulation results for scaled capture zapkZz
versus scaled island siz#S for D,,/F=10°-1.

the MF RE resultgopen circles,y=1/5). As expected, for
the MF RE results we fin(wm(':(w):S/Z. However, for the
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