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The scaling of the monomer and island densities, island-size distribution �ISD�, and capture-number distri-
bution �CND� as a function of the fraction of occupied sites �coverage� and ratio Dh /F of the monomer
hopping rate Dh to the �per site� monomer creation rate F are studied for the case of irreversible nucleation and
growth of fractal islands in three dimensions �d=3�. We note that our model is a three-dimensional analog of
submonolayer growth in the absence of island relaxation and may also be viewed as a simplified model of the
early stages of vacancy cluster nucleation and growth under irradiation. In contrast to results previously
obtained for point-islands in d=3, for which mean-field behavior corresponding to a CND which is indepen-
dent of island size was observed, our results indicate that for fractal islands the scaled CND increases approxi-
mately linearly with island size in the asymptotic limit of large Dh /F. In addition, while the peak height of the
scaled ISD for fractal islands appears to diverge with increasing Dh /F, the dependence on Dh /F is much
weaker than for point-islands in d=3. The results of a self-consistent rate-equation calculation for the coverage
and Dh /F dependence of the average island and monomer densities are also presented and good agreement
with simulation results is obtained. For the case of point-islands, the value of the exponent � describing the
Dh /F dependence of the island density at fixed coverage, e.g., Nsat��Dh /F�−�, is in good agreement with the
value ��=1 /3� expected for irreversible growth. However, for both compact and fractal islands in d=3, our
results indicate that the value of � ���0.42� is significantly larger. In order to explain this behavior, an
analytical expression �e.g., �=df / �3df −2�� for the dependence of � on island fractal dimension df in d=3 is
derived and found to give reasonable agreement with our simulation and rate-equation results for the case of
point-islands �df =��, compact islands �df =3�, and fractal islands �df �2.5�. A general expression for the
exponent �, valid for d�2, as a function of the critical island size i and df is also derived.
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I. INTRODUCTION

The ordering and size distribution of islands in the sub-
monolayer growth regime plays an important role in deter-
mining the later stages of thin-film growth �1–5�. Accord-
ingly, considerable theoretical effort has been carried out
toward an understanding of the island-size distribution Ns���
�where Ns is the number density of islands of size s at cov-
erage �� and its dependence on growth conditions �3,4,6–24�.
In particular, it is known that in the precoalescence regime
the island-size distribution �ISD� satisfies the scaling form
�8,9�,

Ns��� =
�

S2 f� s

S
� , �1�

where S is the average island size, and the scaling function
f�u� depends on the critical island size and island morphol-
ogy �12�.

One approach to nucleation and growth is the use of rate
equations �REs� �4,6,25�. For the case of irreversible growth,
REs valid in the precoalescence regime may be written in the
form,

dN1

d�
= 1 − 2R�1N1

2 − RN1	
s=2

�

�sNs − �1N1 − 	
s=1

�

�sNs, �2�

dNs

d�
= R�s−1N1Ns−1 − R�sN1Ns + �s−1Ns−1 − �sNs �s � 2� ,

�3�

where R=D /F is the ratio of the monomer diffusion rate D
to the �per site� deposition rate F, the capture numbers �s
��1� correspond to the average capture rate of diffusing
monomers by islands of size s �monomers�, and the terms
with �s correspond to direct impingement. In this approach,
the central problem is the determination of the size- and
coverage-dependent capture numbers �s���.

The simplest possible assumption for the capture-number
distribution �CND� is the mean-field �MF� assumption
�s���=�av���. However, using kinetic Monte Carlo �KMC�
simulations, Bartelt and Evans �13� showed that in d=2 �cor-
responding to a two-dimensional �2D� substrate�, due to the
existence of a strong correlation between the size s of an
island and the size of the surrounding capture zone, there is a
nontrivial dependence of the capture number on the island
size even for the case of point-islands. They also showed that
in the asymptotic limit of large D /F, the scaled ISD is re-
lated to the scaled CND as
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f�u� = f�0� exp
�
0

u

dx
2z − 1 − C��x�

C�x� − zx � , �4�

where C�s /S�=�s /�av is the scaled CND, z is the dynamical
exponent describing the dependence of the average island
size on coverage �S��

z�, and f�0� is determined by the nor-
malization condition 0

�du f�u�=1. Using Eq. �4�, one can
show that for z�1 the mean-field assumption �s���=�av or
C�u�=1 implies that in the asymptotic limit of large D /F, the
scaled ISD may be written as

f�u� = �1 − z��1 − zu�1/z−2. �5�

We note that for point-islands, one has z=2 /3 and therefore
the MF approximation implies that in the asymptotic limit
one has f�u�= 1

3 �1−2u /3�−1/2, which leads to a divergence in
the scaled ISD at u=3 /2.

Recently Shi, Shim, and Amar �SSA� �26,27� carried out
KMC simulations of point-island models of irreversible
growth in d=3 and d=4 in order to understand the effects of
substrate dimension d on the scaled ISD and CND. In con-
trast to the nontrivial behavior obtained �13� for point-islands
in d=2, the mean-field behavior was observed in d=3 and
d=4. In particular, the capture number was found to be in-
dependent of island size for large D /F, while the ISD di-
verged with increasing D /F. These results clearly demon-
strated that for point-islands, the substrate dimension has a
significant effect on the scaled ISD and CND. We note that in
three dimensions �3D�, this model may also be considered to
be a simplified model of vacancy formation and vacancy
cluster nucleation during irradiation.

Here we consider the irreversible nucleation and growth
of fractal islands in d=3. We note that this is a more realistic
model than the point-island model �since it corresponds to
irreversible nucleation and growth in the absence of relax-
ation� and is also of particular interest since we would like to
determine the dependence of the scaling behavior on the is-
land fractal dimension df. In contrast to results previously
obtained for point-islands in d=3, for which mean-field-like
behavior corresponding to a CND which is independent of
island size was observed, our results indicate that for fractal
islands in d=3 the scaled CND increases approximately lin-
early with island size. In addition, we find that while the
scaled ISD for fractal islands appears to diverge with in-
creasing Dh /F, it diverges much more slowly than for point-
islands in d=3. For comparison, we also present results for
the case of fractal islands in d=2.

In order to understand the scaling behavior of the average
island and monomer densities for extended islands in d=3,
the results of a self-consistent RE calculation are also pre-
sented and compared with the corresponding simulation re-
sults. Somewhat surprisingly, our results indicate that for
both fractal and compact islands �with df �2.5 and 3, respec-
tively�, the value of the exponent � describing the D /F de-
pendence of the island density at fixed coverage is signifi-
cantly larger in d=3 than the value ���1 /3� �6� expected
for irreversible growth �and typically observed in d=2 and
for point-islands in d=3�. In order to explain this behavior, a
general analytical expression for the dependence of � on

island fractal dimension df in d=3 is derived and found to
give reasonable agreement with our KMC results.

This paper is organized as follows. In Sec. II, we first
describe the details of our simulations. In Sec. III A, we
present our KMC results for the average monomer and island
densities, along with analytical results for the exponent �
describing the dependence of the island density N on D /F.
For completeness, we also present the results of a self-
consistent RE calculation, which leads to good agreement
with KMC simulations for the coverage dependence of the
average monomer density N1��� and average island density
N���. We then present our KMC results for the scaled island-
size and capture-number distributions in Sec. III B. Finally,
in Sec. IV, we discuss our results.

II. MODEL AND SIMULATIONS

While most of the results presented here are for the irre-
versible growth of fractal islands in d=3, for comparison we
have also carried out simulations of the corresponding point-
island model. In both the point-island and fractal models,
monomers are randomly created at empty sites on a cubic
lattice, with creation rate F per site per unit time, and then
hop randomly in each of the 6 nearest-neighbor directions
with hopping rate Dh. As in previous studies of irreversible
nucleation and growth �9�, we assume that dimers are stable
and do not break up and that any particle with one or more
occupied nearest-neighbor sites is “frozen.” Thus, the key
parameter in our model is the ratio Rh=Dh /F of the mono-
mer hopping rate to the deposition rate. Alternatively, one
may consider the ratio R=D /F=Rh /6, where Da2 is the
monomer diffusion constant and a is the lattice constant.

Since for extended islands two particles cannot occupy
the same site, for the fractal model we have used two meth-
ods to avoid deposition of a particle on a previously occu-
pied site. In the first method, if an already-occupied site is
selected for deposition, the deposition is rejected and another
site is randomly selected. In the second method, the nearest-
unoccupied site was selected. In general, we found a negli-
gible difference between the two methods. We note that the
point-island model studied here is also somewhat different
from that previously studied by Shim et al. in Ref. �26� �SSA
model�, although it is similar to the 2D point-island models
previously studied by Bartelt and Evans in Ref. �13�. In par-
ticular, if any particle is deposited at or moves to an unoc-
cupied site, which has an occupied nearest neighbor, then
that particle is “absorbed” by the occupied site and the island
size increases by 1. Similarly, if a particle is deposited on an
occupied site then it is also absorbed by that site. In contrast,
for the previously studied SSA model �26�, it was necessary
for a particle to land on an already-occupied site before that
particle would be absorbed. Thus, the point-island model
studied here has a range of interaction, which is equivalent to
that of the fractal model, and which is slightly larger �28�
than that for the SSA model.

In order to study the asymptotic scaling behavior, we have
carried out simulations for values of Rh ranging from 106 to
1010. To avoid finite-size effects, simulations were carried
out using a system size L=200, while averages were taken
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over 200 runs. For each set of parameters, the scaled ISD and
CND as well as the average island density N��� and mono-
mer density N1��� were obtained for coverages up to �=0.1,
which is somewhat beyond the onset of coalescence for large
Dh /F.

In order to calculate the CND, we have followed the
method outlined in Ref. �13�. In particular, the CND �s���
was calculated by using the equation �s���
=ns

c / �R	�N1NsL
3�, where ns

c is the number of monomer cap-
ture events corresponding to an island of size s during a
small coverage interval �	��0.05��. As in Ref. �13�, the
island size s at the beginning of the coverage interval was
used when incrementing the counter ns

c in order to obtain
good statistics.

III. RESULTS

A. Island and monomer densities

1. Self-consistent rate-equation approach

Before presenting our simulation results, we first consider
a self-consistent rate-equation approach to calculating the
island-size distribution Ns��� and capture number �a��� fol-
lowing the method originally developed by Bales and Chrzan
�11�. While such an approach is not expected to give accurate
results for the ISD and CND since correlations are not taken
into account, in previous work �11,26,27� it has been shown
to give accurate quantitative results for the average island
and monomer densities N���=	s�2Ns��� and N1���. As in
Ref. �26�, we consider a quasistatic diffusion equation for the
monomer density n1�r�� surrounding an island of size s of the
form,

�2n1�r�� − 
−2�n1 − N1� = 0, �6�

where N1 is the average monomer density and 
 corresponds
to an overall average capture term. For consistency with the
REs �2� and �3�, we require


−2 = 2�1N1 + 	
s=2

�

�sNs. �7�

Assuming spherical symmetry and solving for n1�r� using
the boundary conditions n1���=N1 and n1�rs�=0, where rs
=r0s1/df is the radius of an island of size s and df is the island
fractal dimension, the following expression for n1�r� may be
obtained �26�:

n1�r� = N1�1 − �rs/r�e−�r−rs�/
� . �8�

This leads to the following expression for the capture num-
ber �26�:

�s =
4�rs

2

N1
� �n1

�r
�

r=rs

= 4�rs�1 + rs/
� . �9�

We note that for a given distribution Ns���, the capture length

 may be determined self-consistently using Eqs. �7� and �9�.

2. Comparison with KMC results

Using Eq. �9�, we have numerically integrated the rate
equations �2� and �3� for both the fractal and point-island

models in d=3 and compared with our KMC simulations.
We note that r0 is a fitting parameter, which may be different
for fractal and point-islands. However, we find that approxi-
mately the same value of r0 �e.g., r0�1.0� gives good agree-
ment with our simulations for both point and fractal islands.
This is perhaps not surprising because the range of interac-
tion is the same in both of these models. We also note that
this value is comparable to that used in previous simulations
of fractal islands in 2D �r0=1.0� by Bales and Chrzan �11�.
However, it is significantly larger than the value �r0�1 /3�
used in previous RE calculations for the SSA point-island
model �26� in d=3, for which the range of interaction is
significantly shorter.

In our RE calculations, we assumed df =� for point-
islands and df �2.5 for the fractal-island model. The latter
value is in good agreement with the measured value obtained
in our fractal-island KMC simulations, as can be seen from
Fig. 1, which shows the dependence of the average radius of
gyration rG= � 1

s 	i=1
s �ri−r�2�1/2 �where r=	ri /s� on island

size s. This value is also in good agreement with well-known
results for diffusion-limited aggregation �29� in 3D �30�. As
already noted in Sec. II, for the fractal model we have carried
out KMC simulations both with and without direct impinge-
ment, and a negligible difference was found between the two
methods. However, for comparison we have also carried out
RE calculations for both cases. In particular, in the case with-
out impingement, we have assumed �s=0, while in the case
of direct impingement �with the deposited particle moved to
the nearest-unoccupied site� we have assumed �s=sd/df with
d=3. We note that this expression for �s is the same as was
assumed in Ref. �11� for the case of fractal islands in d=2.
We also note that for compact �point� islands with df =d
�df =��, this expression implies �s=s ��s=1� as expected.

Figure 2 shows a comparison between our RE and KMC
results for the island density N and monomer density N1 as a
function of coverage for both the fractal and point-island
models for values of Dh /F ranging from 107 to 109. Since for
the case of fractal islands, there was negligible difference
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FIG. 1. Island size s vs radius of gyration RG for fractal islands
with Rh=107–109 and coverage �=0.06.

ISLAND-SIZE DISTRIBUTION AND CAPTURE NUMBERS… PHYSICAL REVIEW E 80, 041602 �2009�

041602-3



between the KMC results with and without direct impinge-
ment, while the differences between our RE results with and
without direct impingement were also relatively small, here
we show only the KMC and RE results without impinge-
ment. As can be seen, there is good agreement between our
KMC simulation results and the corresponding RE results. In
addition, while the island density increases as N��1−z

��1/3 for large coverage in the point-island model, for the
fractal model the island density saturates, thus, indicating
that z=1, as expected for extended islands �9,10�. However,
for ��0.06, the island density decreases somewhat due to
the onset of coalescence.

3. Dependence of � on fractal dimension df

We now consider the dependence of the island density N
at fixed coverage � on D /F. According to classical nucle-
ation theory �6�, for the case of irreversible growth with a
critical island size of 1 �where the critical island size i cor-
responds to one less than the size of the smallest stable is-
land�, one expects N��D /F�−�, where �=1 /3. As can be
seen in Fig. 3, the measured value of � for the point-island

model is in good agreement with this prediction. However,
for the fractal model a significantly larger value, e.g., �
�0.42 is obtained. This large value of � can be explained as
follows.

We first note that in the asymptotic limit of large D /F, the
self-consistency condition Eq. �7� can be approximately writ-
ten as

1


2 = N�av = � �av/S , �10�

where �av= 1
N	s�2�sNs. Using Eq. �10�, along with the

capture-number expression Eq. �9� and assuming that �av
��S, where S is the average island size, one obtains,

rS/
 � �� S�3−df�/df�1/2 �rS/
  1� , �11a�

rS/
 � � S�3−df�/df �rS/
 � 1� . �11b�

We note that Eq. �11� implies the existence of a critical cov-
erage �c�S−�3−df�/df such that rS /
�1 for ���c and rS /

�1 for ���c. We also note that for point-islands with df
=� �for which the island density never saturates, e.g., nucle-
ation never ceases�, �c diverges with increasing D /F which
implies rs /
�1 for all finite values of �. Assuming S
�� /N and N�R−�, we obtain �ignoring the � dependence of
��R ,���,

�av � R�/df �rS/
  1� , �12a�

�av � R��4/df−1� �rS/
 � 1� . �12b�

As Eq. �11� indicates, for compact and especially for fractal
islands, it is possible that for large enough coverage one has
rS /
�1, and, as a result, the second term in Eq. �9� domi-
nates. However, in this case since the average island radius is
significantly larger than the capture length 
 �which can be
no larger than the typical distance between island perim-
eters�, one expects that almost all monomers will attach to
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existing islands and nucleation will be minimal. Accordingly
we expect Eq. �12a� holds in general for all coverages in the
precoalescence regime for which there is still significant
nucleation �e.g., rS /
1�.

The exponent � may now be obtained by considering the
truncated rate equation,

dN1

d�
� 1 − R�av N1N . �13�

In the limit of large D /F and beyond the nucleation regime,
we have in the steady state dN1 /d��0, which implies

N1 � �R�avN�−1. �14�

Substituting Eq. �14� into the truncated RE,

dN

d�
= R�1N1

2, �15�

we find

dN

d�
�

1

�av
2 �R,��RN2 . �16�

Substituting Eq. �12a� into Eq. �16� and integrating �ignoring
the dependence of �av�R ,�� on �� yields,

� =
df

3df − 2
. �17�

For point-islands with df =�, this implies �=1 /3 in good
agreement with the results shown in Fig. 3 as well as with
the standard prediction �6� for irreversible growth. In addi-
tion, for fractal islands with df =2.5, Eq. �17� implies �
�0.45, which is in reasonable agreement with the value ob-
tained in our simulations ���0.42�. Finally, we note that for
compact islands with df =3, Eq. �17� implies that �=3 /7
�0.43. While we have not carried out KMC simulations for
this case, this is in good agreement with self-consistent RE
results we have obtained �not shown� for df =3.
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B. Island-size and capture-number distributions

We now present our simulation results for the dependence
of the scaled ISD and CND on D /F. We first consider the
point-island model. As can be seen in Fig. 4�a�, in this case
the peak of the scaled ISD increases with increasing D /F
indicating a divergence in the asymptotic limit of large D /F.
This behavior is in good agreement with that previously ob-
tained in Ref. �26� for a slightly different point-island model
in d=3. We also note that the peak of the scaled ISD occurs
for s /S�1 and appears to be shifting to the right with in-
creasing D /F. There is also good scaling as a function of
coverage as indicated by Fig. 4�b�. Also shown in Fig. 4�a�
are the corresponding RE results �solid and dashed curves�.
As can be seen, the RE prediction diverges somewhat faster
than the simulation results.

We now consider the case of fractal islands. As can be
seen in Fig. 5�a�, the peak of the scaled ISD increases much
less rapidly with increasing D /F than for the point-island
model, while the shift of the peak position with increasing
D /F is also significantly reduced. Since they disagree with
simulations �the scaled ISD is significantly more sharply
peaked and shifted to the right�, the corresponding self-
consistent RE results are not shown. We also note that as
shown in Fig. 5�b�, the scaled ISD exhibits relatively little
dependence on coverage in the precoalescence regime ��
�0.06�. However at �=0.1, coalescence leads to a signifi-
cant shift of the ISD peak as well as an extended tail for
large s /S.

The dependence of the ISD peak height on D /F is shown
in Fig. 6 for both point and fractal islands. As can be seen,
for the case of point-islands, the ISD peak height increases
with D /F as fpk�D /F���D /F��, where ��0.06 in good
agreement with previous results obtained in Ref. �26� using a
slightly different point-island model. However, for the fractal
model the exponent � ���0.03� is significantly smaller. We
note that a semilog plot gives an equally good fit, thus, indi-
cating a possible logarithmic divergence. For comparison,

also shown in Fig. 6 is the ISD peak height for fractal islands
in d=2. As can be seen, in this case the value of � is even
lower ���0.02�.

In order to determine the asymptotic peak position of the
scaled ISD, we have considered a fit of the form upk�D /F�
=upk���−A�D /F�−� and have varied the value of � to obtain
the best fit. In agreement with previous results for the point-
island model studied in Ref. �26�, we find that ��0.2 gives
the best fit. As shown in Fig. 7, we find a reasonably good fit
using this form for both models with upk

point����1.47�0.05
and upk

fractal����1.00�0.07. Thus, in the case of point-
islands, the asymptotic scaled ISD f�u� appears to diverge at
u=3 /2 in good agreement with the MF theory prediction
�13�, while for fractal islands the asymptotic peak position
corresponds to upk�1.

We now consider the scaled capture-number distribution
C�s /S�=�s /�av. As can be seen in Fig. 8, for the case of
point-islands, the scaled CND is approximately constant, i.e.,
�s /�av=1, for s /S�3 /2. This is in good agreement with the
MF theory prediction, as well as with previous point-island
model simulations in 3D �26�. In this case, the crossing of
the scaled CND and the line zu �with z=3 /2� near u=3 /2
indicates a divergence in the scaled ISD in good agreement
with the ISD results shown earlier. In contrast, for the fractal
model with z=1, we find that for large enough coverage ��
=0.06�, the scaled CND increases approximately linearly
with scaled island size, i.e., C�u��zu �see Fig. 8� �31�. This
result is quite surprising since it implies that both the nu-
merator and denominator in Eq. �4� approach zero in the
asymptotic limit. Since Eq. �4� implies that any possible di-
vergence in the scaled ISD is due to a divergence in the ratio
�2z−1−C��u�� / �C�u�−zu�, the fact that both the numerator
and denominator approach zero may explain the relatively
weak apparent divergence of the ISD in this case. We note
that the linear dependence of the capture number on island
size cannot be explained by the explicit dependence on is-
land size s exhibited by Eq. �9�, i.e., �s=4�rs�1+rs /
�. Ac-
cordingly, we expect that correlations between the size of an
island and its capture zone, which are not included in the
self-consistent RE theory, play an important role for the case
of fractal islands in d=3.

0.6

0.7

0.8

0.9

1

10
7

10
8

10
9

10
10

IS
D
P
e
a
k
H
e
ig
h
t

D
h
/F

Point

slope = 0.06

Fractal (d = 2)

slope = 0.02

Fractal

slope = 0.03

FIG. 6. Log-log plot of peak height of scaled ISD as function of
Dh /F for fractal- and point-island models.

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

0 0.01 0.02 0.03 0.04

u
p
k

(D
h
/F)

-�

Point Islands

Fractal Islands

u
pk

pt
(�) = 1.47 ± 0.05

u
pk

frac
(�) = 1.00 ± 0.07

� = 0.2

FIG. 7. Peak position upk of scaled ISD as a function of Rh
−� for

fractal- and point-island models with Rh=107–1010 and �=0.06.
The value of �=0.20 was chosen for the best fit to the data.

JOHN ROYSTON AND JACQUES G. AMAR PHYSICAL REVIEW E 80, 041602 �2009�

041602-6



IV. DISCUSSION

Motivated by previous work �26� on the irreversible
nucleation and growth of point-islands in d=3 in which MF-
like behavior, corresponding to C�u�=1 and a scaled ISD
which diverges with increasing D /F, were observed, we
have carried out simulations and RE calculations for the ir-
reversible nucleation and growth of fractal islands in d=3. In
contrast to the results previously obtained for point-islands,
we find that for fractal islands the scaled CND deviates
strongly from MF behavior and, in particular, is approxi-
mately linear in the asymptotic limit. In addition, while the
scaled ISD appears to diverge with increasing D /F, the di-
vergence is much weaker than in the case of point-islands.
We also note that for fractal islands, the peak of the ISD
occurs near s /S=1, which is quite different from the value
�u=3 /2� obtained for point-islands. Thus, our results indi-
cate that in d=3, the island fractal dimension df plays a
strong role in determining the asymptotic scaled ISD and
CND. We note that this is in contrast to previous results in
d=1 �19� and d=2 �13,18�, in which significant deviations
from MF behavior were found for both point-islands and
fractal �extended� islands.

For comparison with these results, we have also carried
out simulations of a point-island model in d=3 which is
somewhat different from the point-island model studied in
Ref. �26�, and for which the short-range interaction is similar
to that in our fractal-island model. In good agreement with
the previous results obtained for a point-island model with a
shorter range of interaction �SSA model� in Ref. �26�, we
find that for point-islands in d=3, the scaled ISD diverges
with increasing D /F while the corresponding asymptotic
scaled CND is very close to the MF prediction C�u�=1.
However, we note that the ISD diverges less rapidly than
predicted by pure MF behavior �see Fig. 4�a��, while the
value of the exponent � describing the dependence of the

ISD peak height on D /F ���0.06� is slightly smaller than
the MF RE value �MF�0.08.

We have also compared our simulation results for the av-
erage island and monomer densities with the results of a
self-consistent RE calculation and good agreement was ob-
tained for both point and fractal islands. In particular, we
determined the exponent �, which describes the dependence
of the island density at fixed coverage in the aggregation
regime �e.g., the “saturation” island density� on D /F. For the
case of point-islands �corresponding to island fractal dimen-
sion df =��, we found ��1 /3 in good agreement with the
MF RE prediction. However, for fractal islands a signifi-
cantly larger value ���0.42� was obtained in both our simu-
lations and RE calculations.

In order to understand the large value obtained for fractal
islands, we have also derived an analytic expression for � as
a function of island fractal dimension df in d=3. In particu-
lar, based on the assumption that the majority of island
nucleation occurs when rS /
1, we find �=df / �3df −2� in
the limit of large D /F. For the case of fractal islands with
df =2.5, this leads to ��0.45, which is in reasonable agree-
ment with the value obtained in our simulations ���0.42�.
We also note that for compact islands with df =3, this leads
to �=3 /7�0.43 in good agreement with the corresponding
self-consistent RE calculation results. In addition, we note
that for point-islands with df =�, this expression leads to �
=1 /3 in good agreement with our simulation results as well
as with the standard prediction �6� for irreversible growth.

Interestingly, if instead of assuming that the majority of
island nucleation occurs when rS /
1, we instead assume
that the majority of island nucleation occurs when rS /
�1,
then combining Eq. �12b� with Eq. �16� leads to a somewhat
different expression for �, i.e., �=df / �5df −8�. Since rs /

exhibits no D /F dependence for df =3 �see Eq. �11��, for
compact islands this leads to the same value for � as given
by Eq. �17�. In contrast, for fractal islands with df �2.5, it
leads to a significantly higher value, e.g., ��0.55. However,
this result contradicts the known �9� scaling of the crossover
coverage ���R−1/2 �where �� corresponds to the coverage
at which the island density N equals the monomer density
N1�, thus, confirming our assumption that in general rS /

�1 in the nucleation regime.

As a further test of this assumption, we have also used our
REs to calculate rS /
 for the case of fractal islands with
Dh /F=107–109 at a coverage �=0.01 when most of the is-
lands have already nucleated �see Fig. 2�a��. As expected,
while rS /
 increases with coverage, we find rS /
�1 for
Dh /F=107–109 and �=0.01. In addition, numerical RE re-
sults for the scaling behavior of rS /
 and �av at �=0.01 for
fractal islands with df �2.5 �e.g., rS /
�Rx and �av�Ry with
x�0.050 and y�0.18� are in good agreement with the val-
ues �x=3df / �2�3df −2���0.045, y=1 / �3df −2��0.18� pre-
dicted using Eqs. �11a� and �12a� based on the assumption
that rS /
�1.

Since the general problem of the dependence of the island
density on D /F may be of some interest, we note that the
arguments used to obtain Eq. �17� may be generalized to
obtain an expression for the exponent � as a function of the
critical island size i, island fractal dimension df, and expo-
nent �, describing the dependence of the capture number �s
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on island radius rs �e.g., �s�rs
�� in the nucleation regime

rS /
�1, which is valid for d�2. In particular, assuming the
Walton relation �3� Ni�N1

i , replacing N1
2 in Eq. �15� by N1

i+1

and modifying Eqs. �14�–�16� accordingly, leads to the gen-
eral result,

� =
idf

�i + 2�df − �i + 1��
. �18�

In general, we expect �=d−2. For the case of point-islands
with df =�, as well as for the case of d=2 �for which �=0
with logarithmic corrections �11��, this implies �= i / �i+2� in
agreement with the standard expression �6� for submonolayer
island growth with a critical island size equal to i. However,
for d�2 and finite df, Eq. �18� implies significant deviations
from the standard expression, as well as a significant depen-
dence on df. In particular, assuming i=1 and �=1 �corre-
sponding to d=3�, leads again to Eq. �17�. It is also interest-
ing to compare this result with that obtained in Ref. �32� for
the case of submonolayer island growth in d=2, e.g., �
=2i / �2i+2+df�. While this expression is reasonably accurate
for compact and fractal islands in d=2, for point-islands, it
implies �=0 which is incorrect. Thus, a correct analysis of
the dependence of the scaling exponent � on island fractal
dimension df is not as simple as had been assumed.

We now return to the shape of the scaled CND for the
case of fractal islands. As already noted, the approximate
linear dependence of �s on island size s obtained in this case
cannot be explained simply by the capture-number expres-
sion, Eq. �9�, since this predicts at most an s2/2.5 dependence.
Thus, in contrast to the behavior for point-islands in d=3 �for
which the MF behavior of the CND indicates the complete
absence of correlation between the size of an island and its
capture zone�, our results indicate that for fractal islands in
d=3, there is a significant correlation between the island size
s and the local capture length �or capture zone� 
s. We also
note that the apparent crossing of C�u� and zu at u=1, would
seem to indicate a divergence of the ISD with increasing
D /F as suggested by Eq. �4�. However, it also appears that
with increasing D /F the scaled CND is approaching the
asymptotic form C�u�=zu. This leads to an indeterminate
form for the argument of the exponential in Eq. �4� since the
numerator and denominator in the ratio �2z−1
−C��u�� / �C�u�−zu� both approach zero, and thus may ex-
plain the relatively weak apparent divergence of the ISD in
this case. In this connection, it is worth noting that as pointed
out in Ref. �33�, for z=1 and C�u�=u, the asymptotic ISD is
not uniquely determined by the asymptotic CND but rather
depends on the nucleation history in the early-coverage re-
gime. This case has also been discussed in Ref. �21� in the
context of approximate scaling forms for nucleation capture
zones and capture zone area distributions.

In order to determine if the same behavior occurs for the
case of fractal islands in 2D, we have measured the scaled
CND for this case at a coverage ��=0.3� near the end of the
precoalescence regime. As can be seen in Fig. 9, in this case

the scaled CND also crosses the line zu but also appears to
be approaching linear behavior in the asymptotic limit. As
shown by the dashed line in Fig. 6, in d=2 the ISD also
appears to be diverging with increasing D /F, although some-
what more weakly than in 3D. Thus, it would appear that
while there are clearly significant differences for point-
islands in the behavior of the ISD and CND in d=2 and d
=3, for fractal islands the behavior is rather similar.

Finally, we note that the results presented here for irre-
versible nucleation and growth in d=3 correspond to two
extreme limits: the point-island limit �corresponding to com-
plete “rearrangement” of islands and df =�� and the fractal-
island limit �corresponding to the complete absence of rear-
rangement and df �2.5�. As our results indicate, while the
scaled ISD appears to diverge with increasing D /F in both
cases, the divergence is much weaker for fractal islands than
for point-islands. Similarly, the scaled CND for fractal is-
lands is completely different from that for point-islands.
Given these differences �as well as the fact that cluster rear-
rangement is generally to be expected�, it would be of inter-
est to carry out simulations for the case of compact islands
with df =3. In particular, it would be interesting to find out if
the dependence of the ISD on D /F for compact islands is
closer to that for point-islands or fractal islands. We are cur-
rently carrying out simulations for this case in order to de-
termine if the existence of island relaxation leads to signifi-
cant differences from the results presented here.
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