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Abstract. A screened hydrogen-like model has been used to re-express available
measurements of fine-structure separations for “P° and 2D terms in the Cu isoelectronic
sequence as screening parameters, which are found to be very regular and slowly varying as
functions of Z, n and I. These regularities have been quantified by empirical searches for
linearising mapping functions, which indicate that the screening parameter S is very well
represented by a linear function of the reciprocal screened charge S = a +b/(Z — S), witha
slope a and intercept b which follow the relationships a o (n — 3)* and a +2vb = constant.
This yields an explicit empirical formula for the fine structure for any value of Z and n for
the isoelectronic sequence of these Rydberg series. Predictions for the fine-structure
separations for the n =4-8 2pP° and n = 4-6 2D terms for all ions from As V to U LXIV are
presented.

1. Introduction

An extension of the standard screening parameter formulation of fine-structure data
has been developed by which regularities can be studied along both an isoelectronic
sequence and a Rydberg series simultaneously. In a comprehensive study of the Cu
isoelectronic sequence, linearities have been revealed which permit accurate semi-
empirical predictions for the ’P° and D fine-structure separations for any principal
quantum number of any ionisation stage.

The formulation of fine-structure separations in many-electron atoms in the context
of a semi-empirical screening parametrisation has long been used to investigate
isoelectronic regularities, to interpolate between and extrapolate beyond existing
measurements, to reveal misclassifications and to identify perturbing influences. In this
approach fine-structure separations in complex atoms are described using the theoreti-
cal expression for a single-electron atom with the nuclear charge replaced by an
effective screened charge. The first application of this method was to x-ray doublets in
neutral atoms (Sommerfeld 1916, 1919), where the screening parameters are nearly
independent of atomic number. The method was extended to optical spectra (Goud-
smit 1921, Landé 1924, Bowen and Millikan 1924) where the screening parameter
exhibited a smooth variation along an isoelectronic sequence, later shown (Edlén 1964)
to be well represented by a polynomial in the reciprocal screened charge. Recently,
preliminary studies of the Cu isoelectronic sequence (Curtis 1977b, 1979) indicated
that a linear polynomial is adequate to describe screening parameters for this sequence,
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in contrast to the homologous Li and Na sequences, for which higher order polynomials
are required (Edlén 1979, 1978). These results for the single valence electron Cu
sequence are confirmed, extended and further elucidated by the study reported herein.
It is shown that the screening parameters for the P° and °D terms for all but the lowest
charge states can be expressed as explicit empirical functions of the nuclear charge and
principal quantum number, permitting predictions both along the Rydberg series and
along the isoelectronic sequence.

2. Calculational procedures

The fine-structure separation Ao (n, /, Z) for a doublet of principal quantum number #,
orbital angular momentum quantum number / and nuclear charge Z can be written as a
Sommerfeld expansion (Curtis 1977a) of the Dirac energy with quantum elec-
trodynamic corrections (Garcia and Mack 1965) as

RzaZZ:

Aoc(n, 1, Z) =m

[(1+ T (aZ)*Ag(n, 1))
6=1
+{ge—2+8u(da’/3m)(1—n")Z2 lnazZsz](1~m/Mz)] )

where Rz is the reduced-mass-corrected Rydberg constant, o is the fine-structure
constant, g. is the gyromagnetic factor for the electron, m and M are the masses of the
electron and the nucleus and Z; is the effective screened charge which equation (1)
serves to define. The Sommerfeld expansion coefficients Ag(n, I} are positive rational
fractions. Here the Sommerfeld expansion is preferable to the exact expression for the
Dirac energy for two reasons. Firstly, the expansion allows the dominant portion of the
Z, dependence to be factored outside the brackets, so that the expression can be easily
solved for Z; by numerical iteration. Secondly, this expansion avoids the severe
truncation errors which occur for small values of aZ, when the exact expression is used
and retains accuracy for very high values of «Z;. (The quadruple nesting of quantities
near unity in the exact expression can introduce truncation errors even when very high
precision numerical methods are utilised.) For these reasons a special procedure has
been developed (Curtis 1979) by which the Sommerfeld expansion is accurate to
essentially unlimited order. To do this, the Sommerfeld expansion coefficients can be
expressed as (Curtis 1977a)

B 28 (l+1)'y+1_(l)‘y+l
AetnD==2 )

ny_2BC,s+2,y+1 (2)

where C;; is an auxiliary array of rational fractions which has been tabulated for values
corresponding to B8 <7 (Curtis 1977a). The 8 > 7 portion of the sum can be taken into
account by noting that the ratio Az/ Ag_; becomes nearly a constant for large 8 and can
be replaced by A;/A¢ for B >7. Thus the series approaches a geometric progression
which can be summed by Euclid’s theorem. The infinite series in equation (1) is
therefore quite accurately represented by the finite series summed to 8 <7 if A, is
replaced by A, where

A-7=A7/(1_CYZZ§A7/A6)- (3)
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With this procedure, numerical calculations indicate that the accuracy of the expansion
exceeds the experimental precision for the value of a for all systems studied herein.

Measured values for Ao (n, [, Z) and their quoted uncertainties were reduced along
the isoelectronic sequence to values and uncertainties for Z(n, [, Z) by iterative
inversion of equation (1). These were rewritten as a screening parameter S(n, I, Z),
defined as

S(n, l’ Z) =Z _Zs(n’ l’ Z) (4)

which, following earlier successful empirical analyses (Edlén 1964) as fitted to a power
series in the reciprocal screened charge

S, L Zy=an, )+b(n, 1)/ Z(n, 1, Z)+. .. ®)

by weighted linear least-squares adjustment of the empirical parameters a(n, [), b(n, 1),
etc. As will be discussed in the next section, if the first few stages of ionisation are
excluded, all of the terms studied here were very well described by a linear form of
equation (5), so higher order powers will be assumed to be absent in the discussion
which follows. Solved simultaneously, equations (4) and (5) yield a quadratic function
of § or Z; which contains a non-physical as well as a physical root. The physical solution
for Z; as a function of Z is given by

Z,=3}{(Z-a)+[(Z - a)*—4b]"?). (6)

It is clear that this formulation breaks down for low ionisation states, since for the
square root to be real the following condition must be satisfied

Z>zo=a+2Vb. (7

In all of the cases treated here z, had very nearly the same numerical value and only the
first three or four charge states were excluded by the condition of reality of equation
(6). Use of equation (5) as a linear fitting function would treat S and 1/Z, as a
dependent and an independent variable, when in fact they are correlated by equation
(4). A functional relationship between an experimentally uncertain dependent variable
and a precisely known independent variable could be obtained by studying S as a
function of Z, but this relationship is not linear in the fitting parameters and must be
search-fitted. Therefore an equivalent but computationally simpler iterative procedure
was used in which equation (5) was adjusted by a standard weighted linear regression,
using the experimental value for S and the value for 1/Z; predicted from the previous
iteration. v

The empirical study was then carried a step further, empirically searching for
linearising mapping functions as a means of exploring the dependence of a(n, I) and
b(n,!) upon n.

3. Results

The experimental fine-structure data used in this formulation are listed, along with
quoted or estimated uncertainties and source references, in table 1. These data were
converted to screening parameters using equations (1) and (4). Figure 1 displays a plot
of § against 1/(Z —S) for the 4p, 5p, 6p, 7p and 4d, 5d and 6d fine-structure
separations. The reduced fine-structure separations for the isoelectronic sequence of
each term were fitted to a power series in the reciprocal screened charge by weighted



L J Curtis

634

“(0861) 1 12 UOISFUIAI] (08)1
"(826T) skaiydwny pue 1oimes (82HS (6261) Sue] (621
‘(uoneotunwwod djealrd ‘0861) 1opedy (08)d "(8L6T) J2913] uea pue Iysof (S8LIAL
'(0861) eisinboy pue 1apedy  (08)VY (9L61) Aouulyq (9L)H
"(0°q‘e6L6T) vISINDOY pue 19peay  (6L)VA (1961) 17 12 noomeq (194
(LL6T) eismboy pue 1apedy  (LL)VY (LL6T) 1P 12 SN (LL)aD ‘PopPUdg
‘(be61) ovy pueoey  (yE)UY (6L61 “ALL6T) SIND (6L “LL)D “Suny ay) ur pasn JoN
(9L H - - - - - - (0061) 090 8V1 143 IAXX 93X
(6L°LLYD - (00€) 0ST L (05€) 099 ST - - (00L) 0TS 9€ (00Y) OET #8 6V IXX U
(6L°LL)D - (007) 06€ 9 (082) O¥S €1 - - (00€) 09% TE (091) 098 €L 224 XX PD
(6L°LL)D - (oLr)oey s (0€2)0L8 1T - - (052) 0ST 8T (Ov1) 0ST 9 Ly XX 8y
(6L°LL)D — Ov1)08LV (081) 0S€ 01 - - (002) 019 ¥T (0Z1) 020 LS oF MAX pd
(LL)yaD ‘(e6L)VY - Ty Live (8)99T ¢S (005) 088 € (ST)9LLYO (0D 817 €1 (S) LYS 1€ (44 AIX ON
(08)vd (09)1s01 (02) 096 1 (9)89¢ ¢ (re) LETE 02 €TLS (8)08011 (¥) 0TL 9T 1y X N
(P6L)Vd q(0v) €18 (P1) 6091 (D195 € - OneLy (1) 80T 6 Q) sTv e ov nx 1z
Q6L)vVd (29) 859 (8€)S8T 1 ($)898¢ - (roovs € 1S L (¥) 27981 6€ X X
(08)g (LL)vd - (01)S101 - - — - (2) 997 S1 8¢ XIS
(v - - - - - - (@ veett LE X1qy
081194 - (s€) 0€s {S€)06T1 - - oy)ovL € (6)6LL6 9¢ A I3
(re)ad - - «198 - - - (IT)08S L S¢ A 19
(8LIAL —_ () 0-96T () 6-6L9 (8) 8€S (LYvoo 1 (o¥) L9L0C (1)869¢ 149 1A 3§
(827)HS — - (S) svv — — — oty €€ ASY
(62)1 - =08 () vsT - eCVl =8€6 (r)88LT [43 AI2D)
s}l <9 as ay dL d9 ds dv z uog

*$30US12J01 30IN0S PUE SIUIEIIAOUN PIJBWNSI YA (WD Uf) suonesedss SIn1onns-ouy 10j sanfea paysiqnd 9|qefieay °Y JIqBL



An empirical formula for fine-structure separations 635

0 002 00t | 006 008
1(2-5)

Figure 1. S versus 1/(Z—S) for the *P° and >D
terms of the copper sequence. Circles represent
measured data and full curves denote weighted least-
squares fits for all but 6d, which is extrapolated using
equations (8) and (9). In order to provide a guide to
the identity of the data points broken curves connect
the selenium (Z = 34) and niobium (Z = 41) points
and mark Z — S = a where the Sommerfeld expan-
sion breaks down.

linear least-squares adjustment of the parameters a(n, [), b(n, [) etcin equation (5). The
points were weighted according to the uncertainties in table 1, transformed into
screening parameter space, and the iterative procedure described in the previous
section was utilised to account for the correlation between the variables S and
1/(Z - S). If the first few ionisation stages were excluded, the x test indicated that the
inclusion of powers of 1/(Z — ) higher than the first is not justified. For all except 6d
(for which only two unblended data points are available) the fitted curves are also
plotted in figure 1. For 6d the curve drawn is extrapolated from the 4d and 5d data. The
high degree of linearity is clearly manifested by this plot. The fitted values for a(n, /)

and b(n, ) are listed in table 2.

Table 2. Isoelectronic fits to equation (5) and values for equation (7).

n 1 a b Zo
4 1 9-80 1024 30-0
5 1 11-28 94-8 30-8
6 1 12-19 87-9 30-9
7 1 12-94 829 312
8 1 (13-53)* (75-5)°

4 2 15-23 616 30-9
5 2 16-17 542 30-9
6 2 (16-74)° (50-1)*

? Predicted using equations (8) and (9).

These fits were used to predict S, and therefore Ao, as a function of Z. Estimates of
the uncertainties in these predictions were also obtained as a function of Z from the
error matrix of the fit, but such estimates include only a propagation of the errors in the
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experimental data and neglect, for example, errors in the assumed form of the fitting
function. Thus these estimates are unrealistically small (e.g., the fitting uncertainty for
the 4p fine-structure separation for Z =92 is less than one part in 10%) in view of the
empirical nature of the observed linearity. However, these predictions would be very
useful in classifying highly ionised spectra even if their accuracy were in the per cent
range.

In order to attempt extrapolations to higher n values, the empirical systematics of
a(n,l) and b(n, I) were also examined using various mapping functions, displayed and
least-squares fitted on a computer graphics terminal. Of the many mapping functions
attempted, there was one which stood out because of the linearity of its relationship.
This is shown in figure 2, in which a(n, I) is plotted against (n —3) (n —3 being the
difference between the principal quantum number of the valence electron and that of
the highest core electrons). For the ’P° terms, the points fall along a straight line to
within 0-2% of a(n, [) implying a relationship

a(n,1)=p()(n—3)*". (8)

n-3

Figure 2. a plotted against n —3 for the 2p and 2D terms of the copper sequence. Circles
represent the values of the intercepts and corresponding quantum numbers of the fitted lines
in figure 1.

Least-squares adjustment of equation (8) to the *P° data yields p(1)=9-80 and
k(1) =0-20, while a similar adjustment for the *D data yields p(2)=15-2 and k(2) =
0:09. Further, it was noted that the slopes of the fitted lines decrease as the intercepts
increase. This trend can be made quantitative by noting that equation (7), the condition
for the square root in equation (6) to be real, yields essentially the same numerical value
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for all the Rydberg series studied here. Thus the slope and intercept are related by
zo=a+2vb=309. ©)

To display the validity of this relationship, the values of z, are also listed in table 2.

The relationships expressed in equations (8) and (9) permit the extrapolation of
known fine-structure separations not only to higher charge states of the isoelectronic
sequence, but also to higher members of the individual Rydberg series, through their
substitution into equation (6) and its subsequent substitution into equation (1). Esti-
mates of a(n, ) and b(n, [) for the 8p and 6d terms are listed in table 2 and, if the results
are borne out by future measurements, the extrapolations could be made for much
higher principal quantum numbers. The prediction for 6d is particularly important to
verify experimentally, since the *D fit in figure 2 is based upon only two points, and thus
does not check the validity of equation (8) for ’D. The predictions for the fine-structure
separations for the terms n = 4-8 *P° and n = 4-6 D for all ions from As v through
U Lx1v are given in table 3.

4. Conclusion

The results presented in table 2 make clear predictions for the fine-structure separa-
tions for many “P° and 2D terms in the Cu isoelectronic sequence which have not yet
been measured. These predictions can be useful in future spectroscopic analyses and
possibly in the identification of Cu-like heavy-metal ions which are sometimes.observed
as impurities in high-temperature plasmas in controlled fusion devices (e.g. Hinnov
1976). This study also motivates additional fine-structure measurements for highly
jonised members of this sequence since they would verify whether the high degree of
linearity observed is actually retained to very high stages of ionisation. Additional
measurements would be particularly valuable for the 6d ’D terms, since they could
confirm or refute the validity of equation (8) for / = 2. Finally, the linearities which have
been revealed here empirically must have fundamental theoretical significance, which
could possibly be explored if the assumptions necessary to duplicate it using ab initio
theories were known.
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